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XIAO’S CONJECTURE ON CANONICALLY FIBERED
SURFACES
XI CHEN
Abstract. A canonically fibered surface is a surface whose canonical
series maps it to a curve. Using Miyaoka-Yau inequality, A. Beauville
proved that a canonically fibered surface has relative genus at most 5
when its geometric genus is sufficiently large. G. Xiao further conjec-
tured that the relative genus cannot exceed 4. We give a proof of this
conjecture.
1. Introduction
1.1. Statement of the Result. A dominant rational map f : X 99K Y
between two projective varieties X and Y is a canonical fibration if it is
given by the canonical series |KX | of X, followed by Stein Factorization;
more precisely, f is a dominant rational map with connected fibers factored
through by X 99K PH0(KX)
∨ such that the induced map Y 99K PH0(KX)
∨
is generically finite over its image.
Now let us consider a canonical fibration f : X 99K C, where
C1. X and C are irreducible, smooth and projective over C of dimension
dimX = 2 and dimC = 1, respectively,
C2. f has connected fibers, X is of general type and
C3. |KX | = f∗D +N for a base point free (bpf) linear series D on C of
dimD ≥ 1 and N the fixed part of |KX |.
We call such f : X 99K C a canonically fibered surface. Using Miyaoka-
Yau inequality ([M] and [Y]), A. Beauville proved that the general fibers
of f are curves of genus ≤ 5 when the geometric genus pg(X) = h0(KX)
of X is sufficiently large. There are infinitely many families of canonically
fibered surfaces of relative genus 2 and 3 [S]. On the other hand, G. Xiao
conjectured [X2, Problem 6]
Conjecture 1.1 (Xiao). Let f : X 99K C be a canonically fibered surface.
Then Xp = f
−1(p) is a curve of genus ≤ 4 for a general point p ∈ C when
pg(X) >> 1.
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In other words, canonically fibered surfaces of relative genus 5 are con-
jectured to have bounded families. The purpose of this note is to settle the
conjecture in the affirmative. More precisely, we will prove
Theorem 1.2. Let f : X 99K C be a canonically fibered surface. Then the
general fibers of f cannot be curves of genus 5 if pg(X) > 863 and C ∼= P1.
Note that Xiao’s conjecture is known for g(C) ≥ 1.
The paper is organized as follows. In §2, we review the known facts about
canonically fibered surfaces in general and those of relative genus 5. Most
of these results were due to A. Beauville and G. Xiao and no originality is
pretended on our part. In §3, we give a sketch of our proof of Theorem
1.2. Our proof starts in §4, where we construct a pseudo relative canonical
model Y/C ofX/C. In §5, we carry out numerical computations on Y/C and
reduce our main theorem to an inequality on a certain type of double surface
singularities. Finally, we complete our proof by proving this inequality in
§6.
Convention. We work exclusively over C and with analytic topology wher-
ever possible.
Acknowledgments. I would like to thank Meng Chen and Xiaotao Sun
for introducing me to the problem and Sheng-li Tan and Tong Zhang for
some very useful discussions.
2. Basic Setup
Here we review some basic facts on canonically fibered surfaces.
First of all, we have
Theorem 2.1 (Xiao). Let f : X 99K C be a canonically fibered surface.
Then C is either rational or elliptic if pg(X) ≥ 3. In addition, if f is
regular, then
(2.1) f∗ωX = f∗ωf ⊗ ωC = L⊕M
where ω• are the dualizing sheaves,
• L is a line bundle satisfying h0(L) = pg(X),
• h0(M) = 0 and M ⊗ ω−1C is semi-positive.
More explicitly, M is in the form of
(2.2) M = O(a1)⊕O(a2)⊕ ...⊕O(am)
for some −2 ≤ a1, a2, ..., am ≤ −1 when C ∼= P1 and
(2.3) M =M1 ⊕M2 ⊕ ...⊕Mr
for semi-stable bundles M1,M2, ...,Mr satisfying degMk = h
0(Mk) = 0
when g(C) = 1.
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We refer the readers to [X1] for the proof of Theorem 2.1, which makes
use of Fujita’s fundamental result on the semi-positivity of f∗ωf [F] (see also
[H-V]).
Next, as mentioned before, using Miyaoka-Yau inequality
(2.4) 9χ(OX ) ≥ K2X .
A. Beauville proved [B]
Theorem 2.2 (Beauville). If f : X 99K C is a canonically fibered surface
with either pg(X) ≥ 20 or g(C) = 1, then 2 ≤ g(F ) ≤ 5 for a general fiber
F of f .
Note that the lower bound pg(X) ≥ 20 in Beauville’s theorem has been
improved to pg(X) ≥ 12 in recent years.
After replacing X by one of its birational models, we may assume that
C4. f is regular and
C5. KX is relatively nef over C and we writeKX as the sum of its moving
part and fixed part
(2.5) KX = f
∗D +N
in Pic(X), where D ∈ Pic(C) is a bpf divisor on C of degD = d and
N is an effective divisor on X.
Now let us consider canonically fibered surfaces of relative genus 5. That
is, we further assume that
C6. a general fiber F of f is a smooth projective curve of genus 5 and
C7. pg(X) >> 1.
Of course, we want to show that there are no canonically fibered surfaces
satisfying C1-C7. Assuming such fibration exists, we have
Theorem 2.3 (Xiao). If f : X → C is a canonically fibered surface satis-
fying C1-C6 and either pg(X) ≥ 85 or g(C) = 1, then KX is given by
(2.6) KX = f
∗D + 8Γ + V,
where V is effective, f∗V = 0 and Γ is a section of f satisfying
(2.7)
−d
8
+
17
8
degKC ≤ degKC −KXΓ = Γ2 = −d
9
+
degKC
9
− ΓV
9
≤ −d
9
+
degKC
9
.
Here we consider ΓV as the “correction term” in the estimate of Γ2,
which lies roughly between −d/8 and −d/9. It follows from (2.7) that ΓV
is bounded by
(2.8) 0 ≤ ΓV ≤ d
8
− 145
8
degKC .
4 XI CHEN
3. Outline of Our Proof
Suppose that f : X → C is a canonically fibered surface satisfying C1-C7.
Let us highlight a few key facts about f obtained in the previous section:
• C is either rational or elliptic (see Theorem 2.1).
• KX = f∗D + 8Γ + V , where 8Γ + V is the fixed part, D is a bpf
divisor on C, f∗V = 0 and Γ is a section of f (see (2.6)); Γ
2 has a
lower bound given by (2.7), which implies asymptotically
(3.1) lim inf
pg(X)→∞
Γ2
pg(X)
≥ −1
8
.
• The pushforward f∗ωf of the dualizing sheaf of f splits in a “highly
unbalanced” way (see (2.1)).
Another key fact, due to X.T. Sun [S], is that a general fiber of f is not
hyperelliptic. A non-hyperelliptic curve F of genus 5 has a “nice” canonical
model: it is mapped to P4 by |KF | with the image being the complete
intersection of three quadrics. Naturally, we may consider the map
(3.2) κ : X 99K P(f∗ωf )
∨ = Proj (⊕ Sym• f∗ωf )
by ωf ⊗ f∗G for a sufficiently ample line bundle G on C, which simply
maps X/C fiberwise to P4 by the canonical series. Sun’s theorem tells us
that κ maps X birationally onto its image κ(X) and we call κ(X) a relative
canonical model of X over C.
Indeed, P(f∗ωf )
∨ in the above construction can be replaced by P(f∗L)∨
for any line bundle L on X satisfying
(3.3) L
∣∣∣
p
∼= ωf
∣∣∣
p
= ωXp
at a general point p ∈ C. It turns out that
(3.4) L = OX(8Γ)
is the best choice of L for our purpose, where Γ is the section of f given
as above. We call the image Y = τ(X) under τ : X 99K W = P(f∗L)∨ a
pseudo relative canonical model of X over C.
Intuitively, τ contracts all fibers of Xp that are disjoint from Γ. And
since Γ is a section of f , it contracts all components of Xp except the unique
component meeting Γ. As a result, Y might be highly singular. This is the
cost we have to pay when we use L instead of ωf to map X. Fortunately,
Y is not “too” bad:
• τ is regular (see Theorem 4.2);
• Y is normal and Gorenstein (see Theorems 4.7 and 4.9);
• τ maps Γ to a section ΓY of Y/C and Γ2 = Γ2Y ;
• Y has only isolated double surface singularities of type (4.33).
The proof of these statements will be carried out in §4, which forms the
technical core of this paper. Since a general fiber Xp of X/C is a non-
hyperelliptic curve of genus 5, its image Yp = τ(Xp) is cut out by 3 quadrics
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in Wp ∼= P4. We can find a closed subscheme Z ⊂ W (defined by (4.11))
such that Z is cut out by “quadrics” in W and Y is the only irreducible
component of Z that is flat over C (see (4.29)). With Z, we can carry out
very explicit local analysis of Y and thus prove the above statements on Y .
Furthermore, working with Z, we are able to derive a formula (5.19)
for Γ2 using adjunction. This formula involves a local invariant δ of the
singularities of Y .
In the last step of our proof, we relate δ to the moduli invariant
(3.5) 12c1(f∗ωf )− ω2f
of the fibration f : X → C. If f is semistable, (3.5) counts the total
number of singularities of the fibers. In general, we have to determine the
contribution of each singular fiber of f to (3.5). This problem had been
extensively studied by S.L. Tan in [T1] and [T2]. For our purpose, X is a
resolution of the double surface singularities of Y and we just have to figure
out the contribution coming from this resolution.
In the end, we are able to give an upper bound (5.44) for Γ2, which turns
out asymptotically
(3.6) lim sup
pg(X)→∞
Γ2
pg(X)
≤ − 3
23
and consequently contradicts (3.1). This finishes the proof of Theorem 1.2.
4. Intersections of Three Quadrics
4.1. A Pseudo Relative Canonical Model of X/C. As outlined in §3,
we consider the rational map
(4.1) τ : X W = P(f∗L)∨ = Proj (⊕ Sym• f∗L) ,
where L = OX(8Γ).
More precisely, the map (4.1) is given by |L⊗f∗G| for a sufficiently ample
line bundleG on C, which first mapsX to PH0(L⊗f∗G)∨. This is a rational
map factoring through P(f∗L)∨ via
(4.2)
P(f∗L)∨
X PH0(L ⊗ f∗G)∨
where the map P(f∗L)∨ → PH0(L ⊗ f∗G)∨ is induced by the surjection
(4.3) H0(L ⊗ f∗G) f∗L
∣∣∣
p
for all p ∈ C.
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Fiberwise, τ maps a general fiber F = Xp to P
4 = PH0(KF )
∨ by the
canonical map
(4.4) F P4.
|KF |
If the general fibers F of f are hyperelliptic, τ maps X generically 2-to-1
onto its image. Fortunately, this possibility has been ruled out by a result
of X.T. Sun [S]:
Theorem 4.1 (Sun). If f : X → C is a canonically fibered surface satisfying
C1-C6 and either pg(X) ≥ 53 or g(C) = 1, then the general fibers of f are
not hyperelliptic.
Thus, τ sends X birationally onto its image. Let us study its image, more
precisely, the proper transform Y = τ(X) of X under τ . We consider Y/C
as a pseudo relative canonical model of X/C.
The classical Noether’s theorem tells us that the canonical image of a
non-hyperelliptic curve F of genus 5 under (4.4) is the intersection of three
quadrics. Indeed, we have the exact sequence
(4.5) 0 H0(IF (2)) Sym
2H0(KF ) H
0(2KF ) 0
where IF is the ideal sheaf of the image of F in P
4; it follows that
(4.6) dimH0(IF (2)) = 3.
Namely, the image F of under the canonical map (4.4) is cut out by three
quadrics in P4.
The family version of (4.5) becomes
(4.7) 0 Q Sym2 f∗L f∗(L⊗2).
Note that (4.7) is only left exact, a priori; the map Sym2 f∗L −→ f∗(L⊗2)
is generically surjective by Sun’s theorem 4.1 and hence its kernel Q is a
vector bundle of rank 3 over C. In addition, since f∗(L⊗2) is torsion-free,
we have an injection
(4.8) 0 Qp = Q
∣∣∣
p
Sym2 f∗L
∣∣∣
p
over every point p ∈ C. ThusQp can be regarded as a subspace of H0(IF (2))
of dimension 3 for every fiber F = Xp. In other words, Qp is a net (2-
dimensional linear series) of quadrics passing through Yp. Note that Yp is
contained in the base locus Bs(Qp) of Qp but it is not necessarily true that
(4.9) Yp = Bs(Qp)
for every p ∈ C; (4.9) holds, a priori, only for a general point p ∈ C.
We may regard Q as a subbundle of pi∗OW (2) ∼= Sym2 f∗L, where
(4.10) pi :W = P(f∗L)∨ C
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is the projection and OW (1) is the tautological bundle. Thus, H0(Q ⊗ G)
is a subspace of H0(OW (2)⊗ pi∗G) for G ∈ Pic(C).
We abuse notation a little by using Bs(Q ⊗ G) to denote the base locus
of H0(Q⊗G) as a subspace of H0(OW (2)⊗ pi∗G) and defining
(4.11) Z =
⋂
G∈Pic(C)
Bs(Q⊗G) ⊂W.
Namely, Z is the closed subscheme of W whose fiber Zp is the intersection
of the three quadrics generating Qp over each p ∈ C. It is also obvious that
Z = Bs(Q⊗G) for a sufficiently ample line bundle G on C.
Clearly, Y ⊂ Z. Indeed, it is easy to see that Y is the only irreducible
component of Z that is flat over C; the other irreducible components of Z,
if any, must be supported in some fibers Wp of W over C. However, it is
not clear whether dimZ = 2 and whether Z has components other than Y .
The following theorem answers these questions.
Theorem 4.2. Let f : X → C be a flat family of curves of genus 5 over a
smooth curve C with X smooth and Xp = f
−1(p) non-hyperelliptic for p ∈ C
general and let L be an effective line bundle on X with Λ ∈ |L| satisfying
• (3.3) holds for p ∈ C general,
• Λ ∩Xp is a finite set of points lying on a unique component Bp of
Xp for each p ∈ C, and
• Xp is smooth at each point in Λ ∩Xp for all p ∈ C.
Let τ , W , Q, Y and Z be defined as above. Then
• τ is regular and τ∗E = 0 for all components E 6= Bp of Xp and all
p ∈ C.
• Z is a local complete intersection (l.c.i) of pure dimension 2.
• Y is the only irreducible component of Z that is flat over C.
• Every quadric of Qp has rank ≥ 3 for all p ∈ C, where the rank of
a quadric in PN is the rank of its defining equation as a quadratic
form.
• dim(Z ∩ Wp) = 2, i.e., Z has an irreducible component contained
in Wp if and only if Bs(Qp) is a cone over a smooth rational cubic
curve in P4.
• For each p ∈ C, τ maps the component Bp either birationally onto
a curve of degree 8 and arithmetic genus 5 or 2-to-1 onto a rational
normal curve in P4.
• Ŷp is integral (reduced and irreducible) for all p ∈ C and Yp ∼= Ŷp
if and only if τ maps Bp birationally onto its image τ(Bp), where
ν : Ŷ → Y ⊂W is the normalization of Y .
• The map ν−1 ◦ τ : X → Ŷ is a local isomorphism in an open neigh-
borhood of Λ.
For starters, it is obvious that τ is regular outside of Λ and it contracts
all curves E ⊂ X satisfying E.Λ = 0 and hence contracts all components of
8 XI CHEN
Xp other than Bp. To show that τ is regular everywhere, we make two key
observations regarding τ(Bp):
(4.12) τ(Bp) ⊂ P4 is non-degenerate, i.e., τ(Bp) 6⊂ P ∼= P3 ⊂ P4
for all hyperplanes P of P4 and
(4.13) pa(τ(Bp)) ≥ 5 if τ maps Bp birationally onto τ(Bp)
where pa(A) is the arithmetic genus of a curve A. The first observation
(4.12) is a consequence of the following lemma.
4.2. A Lemma on Fibrations of Curves.
Lemma 4.3. Let f : X → C be a flat projective morphism with connected
fibers from a smooth variety X to a smooth curve C. Let D,E and G be
effective divisors on X such that
• supp(D) 6⊂ supp(E),
• D + E = F for a fiber F = f−1(p) of f and
• E ∩G = ∅.
Then H0(OX(G−D)) = H0(OX(G− F )).
It was suggested to the author by the referee that the above lemma follows
easily from the following one:
Lemma 4.4. Let X be a smooth projective surface and E be an effective
divisor supported on irreducible components with negative intersection ma-
trix. For a divisor A on X, if AΓ = 0 for all irreducible components Γ of
E, then H0(A) = H0(A+ E).
Proof. We argue by induction on the number of components in E counted
with multiplicity. There is nothing to prove if H0(A+E) = 0. Suppose that
A+E is effective. We write |A+E| = Z+ |M | with Z the fixed part andM
the moving part of |A+E|. Since ZE = (A+E)E −ME = E2 −ME < 0,
Z and E have some common components. Suppose that Γ is a common
irreducible component of Z and E. Then H0(A + E) = H0(A + (E − Γ))
and we are done by induction. 
Then Lemma 4.3 follows easily from 4.4: first we cut down X by suffi-
ciently ample divisors to dimX = 2 and then apply 4.4 by setting A = G−F .
4.3. Proof of Theorem 4.2. Let us see how to derive (4.12) from Lemma
4.3. By the lemma, we have
H0(L ⊗ f∗G⊗OX(−D)) = H0(L ⊗ f∗G⊗OX(−F ))
∼= H0(f∗L ⊗G(−p))
(4.14)
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where D = Bp and F = Xp. Therefore, we have the diagram
(4.15)
0 H0(f∗L ⊗G(−p)) H0(f∗L⊗G) f∗L
∣∣∣
p
0
0 H0(L(−D)⊗ f∗G) H0(L ⊗ f∗G) H0(D,L)
from which we conclude that the map
(4.16) f∗L
∣∣∣
p
H0(D,L)
is an injection. It follows that τ(D) = τ(Bp) is a non-degenerate curve in
P4. And since τ(Bp) is irreducible, Qp does not contain a quadric of rank
≤ 2, i.e., the union of two hyperplanes. This implies that every member
of Qp has rank ≥ 3, and a general member of Qp has rank ≥ 4. It follows
that dimBs(Qp) ≤ 2 for all p ∈ C. At a general point p ∈ C where Xp is
a smooth non-hyperelliptic curve, we know that Xp ∼= Yp = Zp = Bs(Qp)
has dimension 1. Consequently, Z has pure dimension 2, Y is the only com-
ponent of Z flat over C and Z has a component supported in Wp precisely
at the points p where dimBs(Qp) “jumps”. The following lemma tells us
exactly how three linearly independent quadrics fail to meet properly.
Lemma 4.5. Let Q ⊂ PH0(OPn(2)) be a net of quadrics in Pn. If the base
locus Bs(Q) of Q has dimension > n− 3, i.e., the three quadrics generating
Q fail to meet properly, then one of the following holds
• every quadric Q ∈ Q has rank ≤ 4 or
• Q contains a pencil of quadrics of rank ≤ 2.
Proof. Suppose that a general quadric of Q has rank ≥ 5 and Q is generated
by Q,Q′ and Q′′ with rank(Q) ≥ 5. Since Pic(Q) = Z, Q ∩ Q′ ∩ Q′′ has
dimension > dimQ − 2 if and only if Λ ⊂ Q′ ∩ Q′′ for some hypersurface
Λ ⊂ Q. Clearly, Λ is a hyperplane section, Q′ = Λ∪Λ′ and Q′′ = Λ∪Λ′′ on
Q. It follows that Q contains a pencil of quadrics of rank ≤ 2. 
By the lemma, we see that dimBs(Qp) = 2 only if either every quadrics
of Qp has rank ≤ 4 or Qp has a quadric of rank ≤ 2. We have eliminated the
latter by (4.12). This leaves us the former: every quadric of Qp is a cone of
a common vertex over a quadric in some P ∼= P3 ⊂ P4. It is not hard to see
further that Bs(Qp) is a cone over a rational normal curve, i.e., a smooth
rational cubic curve in P .
Since τ(Bp) is non-degenerate in P
4, it has degree at least 4. Therefore, τ
maps Bp either birationally or 2-to-1 onto to τ(Bp). If it is the latter, τ(Bp)
must have degree 4 and hence it is a rational normal curve in P4.
Suppose that τ maps Bp birationally onto J = τ(Bp) ⊂ P4. Let us first
justify (4.13), i.e., show that
(4.17) pa(J) ≥ 5.
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This follows from the following lemma.
Lemma 4.6. Let X and Y be two surfaces proper and flat over the unit
disk ∆ = {|t| < 1} with Xt and Yt smooth and irreducible for t 6= 0. Let
τ : X 99K Y be a birational map with the diagram
(4.18)
X Y
∆
τ
such that
• τ is regular on X\Σ for a finite set Σ of points on X0,
• X0 is smooth at each point x ∈ Σ,
• τ∗I 6= 0 for each component I of X0 satisfying I ∩ Σ 6= ∅ and
• J = τ∗X0 is reduced.
Then pa(J) ≥ g(Yt) for t 6= 0.
Proof. WLOG, we may assume that both X and Y are normal.
Let E ⊂ Y0 be the exceptional locus of τ−1 over Σ. More precisely,
E = piY (pi
−1
X (Σ)∩Gτ ) with Gτ ⊂ X × Y the graph of τ and piX and piY the
projections of X × Y to X and Y . It is not hard to see by Zariski’s Main
Theorem that τ : X\Σ→ Y \E is proper.
After a base change, we can find X̂ and Ŷ with the diagram
(4.19)
X̂ Ŷ
X Y
f
τ̂
g
τ
and the properties that
• f, g and τ̂ are birational and proper maps inducing isomorphisms
X\f−1(Σ) ∼= X\Σ and Y \g−1(E) ∼= Y \E and
• f−1(UΣ) ∩ X̂0 and g−1(VE) ∩ Ŷ0 have simple normal crossing for
analytic open neighborhoods UΣ ⊂ X and VE ⊂ Y of Σ and E,
respectively.
Since X0 is smooth at each x ∈ Σ, f−1(x) must be a tree of smooth rational
curves meeting Î transversely at one point, where Î is the proper transform of
the component I containing x under f . Consequently, g−1(E) = τ̂(f−1(Σ))
is a disjoint union of trees of smooth rational curves, each meeting Ĵ trans-
versely at one point, where Ĵ is the proper transform of J under g. Therefore,
pa(J) ≥ pa(Ĵ) = pa(Ŷ0) = g(Yt). 
This proves (4.17). Let us consider the Hilbert polynomial
(4.20) χ(OJ(n)) = h0(OJ(n))− h1(OJ (n)) = δn − pa(J) + 1
of J ⊂ P4, where δ is the degree of J in P4.
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Let R = Bs(Qp). If dimR = 1, then
(4.21) h1(OJ (1)) ≤ h1(OR(1)) = 1
and hence
(4.22) 5 ≤ h0(OJ(1)) = δ − pa(J) + 1 + h1(OJ (1)) ≤ δ − 3
by (4.17); it follows that δ ≥ 8.
Suppose that dimR = 2. We have proved that R is a cone over a smooth
rational cubic curve. Let ν : F3 ∼= R̂→ R be the blowup of R at the vertex
of the cone. Then
χ(OJ (n)) = h0(OJ (n)) = h0(OR(n))− h0(OR(n)⊗ IJ)
= h0(O
R̂
(n))− h0(O
R̂
(n)⊗O
R̂
(−Ĵ))
= δn −
(⌈
δ
3
⌉
− 1
)(
δ − 3
2
⌈
δ
3
⌉
− 1
)
+ 1
(4.23)
for n >> 1 and hence
(4.24) pa(J) =
(⌈
δ
3
⌉
− 1
)(
δ − 3
2
⌈
δ
3
⌉
− 1
)
,
where IJ is the ideal sheaf of J in R, OR̂(1) = ν∗OR(1) is the pullback of
the hyperplane bundle and Ĵ ⊂ R̂ is the proper transform of J . Therefore,
we must have δ ≥ 8 by (4.17) again.
Therefore, deg J = 8 when τ maps Bp birationally onto J . We also proved
in the above argument that pa(J) = 5.
In conclusion, τ maps Bp either birationally onto a curve of degree 8 and
arithmetic genus 5 or 2-to-1 onto a rational normal curve of degree 4. This
implies that τ(Bp) is the only component of dimension 1 in Yp and hence τ
is regular along Xp. Therefore, τ is regular everywhere.
When τ maps Bp birationally onto a curve J . Since deg J = 8 and
pa(J) = 5, we necessarily have Ŷp ∼= J = Yp. When τ maps Bp 2-to-1 onto a
rational normal curve J , since τ : X → Y factors through Ŷ , Ŷp is birational
to Bp and ν maps Ŷp 2-to-1 onto J by Zariski’s Main Theorem. Therefore,
Ŷp is integral for all p.
Since Xp is smooth at Λ∩Xp, Xp ∼= Ŷp for p ∈ C general and Ŷp is reduced
for all p ∈ C, we conclude that ν−1 ◦ τ is a local isomorphism along Λ.
This finishes the proof of Theorem 4.2.
4.4. Normality of Y . So far we have only made use of the fact that there
exists Λ ∈ |L| which is a multi-section of f and meets each fiber at the
smooth points of a unique component of that fiber. We can certainly say
more about Y when Λ = 8Γ with Γ a section of f .
Theorem 4.7. In addition to the hypotheses of Theorem 4.2, we further
assume that Λ = 8Γ with Γ a section of f . Then Y is normal.
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By Theorem 4.2, Y being normal is equivalent to saying that τ maps Bp
birationally onto Yp for every p ∈ C. Namely, it excludes the cases that
τ maps Bp 2-to-1 onto a rational normal curve in P
4. The implication of
this statement is somewhat surprising: the family X/C does not have any
hyperelliptic fibers. One can compare this with Sun’s theorem which says
that the general fibers of X/C are not hyperelliptic. If we let M5 be the
moduli space of curves of genus 5 and U be the subvariety ofM5 consisting
of curves F with the property that KF = OF (8q) for some q ∈ F , then U has
codimension 3 inM5 and contains the hyperelliptic locus Ue as an “isolated”
component in the sense that Ue is disjoint from the other components of U .
We abuse the notation a little by using Λ to also denote the member of
|OW (1)| corresponding to 8Γ ∈ |L|. On each fiber Wp, Λ is a hyperplane
meeting Yp properly at a unique point with multiplicity 8 by Theorem 4.2.
Likewise, ν−1(Λ) meets each fiber Ŷp at a unique point. This results in two
sections ΓY and Γ̂Y of Y/C and Ŷ /C, respectively, with the properties that
(4.25) Γ̂Y = ν
−1(ΓY ) and Γ = τ
−1(ΓY ).
Suppose that τ maps Bp 2-to-1 onto its image, i.e., ν maps Ŷp 2-to-1 onto
its image for some p ∈ C. Let q̂ = Γ̂Y ∩ Ŷp and q = ΓY ∩ Yp. Also by
Theorem 4.2, Ŷp is smooth at q̂. And since ν
−1(q) = {q̂}, ν is ramified at q̂.
Let J = τ∗Bp = ν∗Ŷp be the scheme-theoretic image of Bp and Ŷp under
τ and ν, respectively. Then J is a closed subscheme of pure dimension 1 in
the cone R = Bs(Qp) with multiplicity 2 along a smooth rational curve of
degree 4 on R. The Hilbert polynomial of J ⊂ P4 can be computed in the
same way as (4.23) with δ = deg J = 8. Therefore, pa(J) = pa(Yt) = 5 for
all t ∈ C. In particular, pa(J) = pa(Yp). Hence Yp does not contain any
embedded points and Yp = J . This implies that Yp has pure dimension 1
and Y is Cohen-Macaulay along Yp.
In summary, we have the following facts regarding Y and Ŷ locally at q
and q̂:
• ν maps Ŷp 2-to-1 onto supp(Yp), which is a smooth curve;
• Λ is a Cartier divisor on Y such that Λ = 8ΓY and ν∗Λ = 8Γ̂Y with
ΓY and Γ̂Y sections of Y/C and Ŷ /C, respectively;
• Y is Cohen-Macaulay at q;
• Ŷp is smooth at q̂ = Γ̂Y ∩ Ŷp;
• ν is ramified at q̂.
It is not hard to see from the above that Y is locally given by
(4.26) {y2 = t2mx} ⊂ ∆3xyt
for some m ∈ Z+ at q with Λ cut out by
(4.27) y − λ(x, t) = 0
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for some λ(x, t) ∈ C[[x, t]] satisfying λ(x, 0) = x4. And since Λ = 8ΓY on
Y , we necessarily have
(4.28) (λ(x, t))2 − t2mx = (x+ g(x, t))8
for some g(x, t) ∈ C[[x, t]] satisfying g(x, 0) ≡ 0, which is impossible.
This shows that Y is normal.
4.5. Multiplicities of Cubic Cones in Z. We have shown that Z ⊂ W
is the union of Y and cones over smooth rational cubic curves, which we call
cubic cones, contained in the fibers Wp. Therefore,
(4.29) Z = Y +
∑
p∈C
δpSp,
where Sp is a cubic cone contained in Wp and δp is its multiplicity in Z (let
δp = 0 and Sp = ∅ if such Sp does not exist). The multiplicity δp has a nice
algebraic interpretation.
Definition 4.8. Let E be a vector bundle of rank n over a variety C and
W = PE∨. For s ∈ H0(OW (2) ⊗ pi∗L), the discriminant locus Ds ⊂ C of s
is the vanishing locus of the determinant det(s) of s, considered as a section
in
(4.30) H0(Sym2E ⊗ pi∗L) ⊂ Hom(E∨, E ⊗ pi∗L),
where pi is the projection W → C and L is a line bundle on C. Obviously,
Ds ∈ |2c1(E) + nL|.
Locally Ds is very easy to describe. Suppose that C ∼= ∆N is a polydisk.
Then W ∼= Pn−1 ×∆N and
(4.31) s =
∑
ij
fij(t)wiwj
for some fij ∈ C[[t]] under the homogeneous coordinates (w0, w1, ..., wn−1)
of Pn−1 and the coordinates t = (t1, t2, ..., tN ) of ∆
N . Then the discriminant
locus of s is the vanishing locus of det
[
fij(t)
]
, as a subscheme of ∆N , which
is exactly the locus of t ∈ ∆N where the quadric s(t) = 0 is singular.
Our purpose is twofold: first, we will show that δp is the multiplicity
of the discriminant locus of a general member of Q at p; second, we will
describe the type of singularity Y has at the vertex of each cubic cone Sp,
which depends on δp as we will see.
Theorem 4.9. Under the same hypotheses of Theorem 4.7,
• δp is determined by
(4.32) δp = min{multp(Ds) : s ∈ H0(Q⊗ pi∗G), G ∈ Pic(C)}
for all p ∈ C, where Ds ⊂ C is the discriminant locus of s defined
as above and multp(Ds) is the multiplicity of Ds at p.
• Y is a l.c.i and hence Gorenstein.
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• If Sp 6= ∅, Y has a singularity at the vertex of the cone Sp of type
{y2 = g(x, t)} ⊂ ∆3xyt with g(x, t) ∈ C[[x, t]] satisfying
(4.33) g(x, 0) = xn, g(0, t) = tδp and
∂g
∂x
∣∣∣∣
x=0
≡ 0.
for some n ≥ 2, where t is the local parameter of C at p.
• If Sp 6= ∅ and g(Yp) = 0, then n ≤ 6 in (4.33).
• For each p ∈ C, Yp is an integral curve of degree 8 and arithmetic
genus 5 with the surjective map
(4.34)
Sym2H0(OYp(1)) H0(OYp(2))
C15 C12
and hence the left exact sequence (4.7) is exact:
(4.35) 0 Q Sym2 f∗L f∗(L⊗2) 0.
The problem is obviously local: we just have to study W,X, Y,Z and Q
over an open neighborhood of p ∈ C. Thus, it suffices to prove the following:
Lemma 4.10. Let W = P4 × ∆, Q be a subbundle of pi∗OW (2) of rank 3
and Z = Bs(Q), where ∆ = {|t| < 1}, pi is the projection W → ∆, OW (1) is
the pullback of OP4(1) and Bs(Q) is the base locus of H0(Q) as a subspace
of H0(OW (2)). Suppose that
• Zt = Bs(Qt) is a smooth curve for t 6= 0;
• Z = Y + δS, where S = Bs(Q0) is a cubic cone, δ is the multiplicity
of S in Z and Y is the irreducible component of Z flat over ∆;
• Y0 is not contained in a union of lines on S passing through its
vertex.
Then
• δ is determined by
(4.36) δ = min{mult0(Ds) : s ∈ H0(Q)}.
• Y is a l.c.i and hence Gorenstein.
• Y is locally isomorphic to the surface {y2 = g(x, t)} ⊂ ∆3xyt for some
g(x, t) ∈ C[[x, t]] satisfying
(4.37) g(0, t) = tδ and
∂g
∂x
∣∣∣∣
x=0
≡ 0,
at the vertex q of the cone S, where g(x, 0) 6≡ 0 if Y0 is reduced at q.
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• If Y0 is integral, it is a curve of degree 8 and arithmetic genus 5 in
P4 with the surjective map
(4.38)
Sym2H0(OY0(1)) H0(OY0(2))
C15 C12
Proof. LetQ1 andQ2 be two general members ofH
0(Q) and let V = Q1∩Q2.
It is easy to see that V0 = S ∪T , where T ∼= P2 is a 2-plane meeting S along
two distinct lines passing through the vertex q of S. Since Vt is smooth for
t 6= 0 and S and T meet transversely outside of q, V is a 3-fold locally given
by xy = tm in ∆4xyzt at a general point of S∩T , where m ∈ Z+ is a constant
on each line in S ∩ T . As Q1 and Q2 vary, T varies and the corresponding
monodromy action on the two lines in S ∩ T is transitive. Therefore, m
remains constant at general points of S ∩ T . Thus, V is Q-factorial outside
of finitely many points on S ∩ T . More precisely, there exists Σ ⊂ S ∩ T
such that dimΣ = 0 and CH1(V \Σ) is generated by Λ and S, where Λ is
the hyperplane divisor and aΛ + bS is Cartier on V \Σ if and only if a ∈ Z
and b ∈ mZ.
Clearly, Z ∼rat 2Λ and hence
(4.39) Y = 2Λ− δS
in CH1(V \Σ). Note that Y is, a priori, a Weil divisor on V . Restricting Y
to T , we have
(4.40) Y
∣∣∣
T
= 2Λ− δS
∣∣∣
T
=
(
2− 2δ
m
)
Λ
in CH1Q(T\Σ). And since Y0 ⊂ S, Y meets T at finitely many points and
hence Y.T = 0. Indeed, although we do not need it, it is not hard to see that
Σ is precisely Y ∩ T . In any event, we can conclude that m = δ by (4.40).
In addition, Y is Cartier on V \Σ by (4.39) since m|δ. Therefore, Y \Σ is
a l.c.i. Recall that Q1 and Q2 are two general members of H
0(Q) and Σ is
a set of finitely many points on S ∩ T . As Q1 and Q2 vary, T varies and it
cuts out on S a linear system of two lines S ∩ T with the only base point q.
Therefore, we conclude that Y is a l.c.i outside of the vertex q.
We let µ be the number defined by the right hand side of (4.36). A priori,
we do not know that µ = δ, which is what we are going to prove next.
LetW be parameterized by (w0, w1, w2, w3, w4, t) with (w0, w1, w2, w3, w4)
the homogeneous coordinates of P4. Obviously, we may choose the vertex q
of S to be (1, 0, 0, 0, 0, 0). Furthermore, we claim that for a suitable choice
of coordinates, or equivalently, after applying a suitable automorphism in
Aut(W/∆) to W , every s ∈ H0(Q) is given by s = s(w0, w1, w2, w3, w4, t)
satisfying
(4.41)
∂j+1s
∂w0∂tj
∣∣∣∣
t=0
≡ 0 for j = 0, 1, 2, ..., µ − 1.
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To see this, let us considerQ⊗C[t]/(tµ). By the definition of µ, every quadric
inH0(Q)⊗C[t]/(tµ) has rank≤ 4 over C[t]/(tµ). And since a general quadric
in H0(Q0) has a unique singularity at q, we conclude that every quadric in
H0(Q) ⊗ C[t]/(tµ) has a singularity at (1, q1(t), q2(t), q3(t), q4(t)) for some
qk(t) ∈ C[t] satisfying qk(0) = 0. Then applying the automorphism in
Aut(W/∆) sending
(w0, w1, w2, w3, w4, t)
→ (w0, w1 − q1(t)w0, w2 − q2(t)w0, w3 − q3(t)w0, w4 − q4(t)w0, t),(4.42)
we see that every quadric in H0(Q) ⊗ C[t]/(tµ) is singular at (1, 0, 0, 0, 0)
and thus (4.41) holds. Note that by the definition of µ,
(4.43)
dµDs
dtµ
∣∣∣∣
t=0
6= 0
for s ∈ H0(Q) general.
Taking a general s(w, t) ∈ H0(Q), s(w, 0) = 0 is a quadric of rank 4
in w1, w2, w3, w4, where w = (w0, w1, w2, w3, w4). After an automorphism
of P4 preserving q, we can make s(w, 0) into the quadric w1w4 − w2w3.
Furthermore, there exists an automorphism λ of W/∆ such that λ preserves
q over the ring C[t]/(tµ) and
(4.44) s(λ(w, t)) = s1(w, t) = w1w4 − w2w3 + tµw20.
Due to the choice of λ, the partial derivatives of s ∈ H0(Q) in (4.41) still
vanish.
Applying an automorphism of the cone {s1(w, 0) = 0}, we can move
S to the cone in P4 over the cubic rational normal curve {(0, 1, x, x2, x3)}
with vertex at (1, 0, 0, 0, 0). It is well known that H0(IS(2)) is spanned by
w1w4 − w2w3, w22 − w1w3 and w23 − w2w4 for the ideal sheaf IS of S in P4.
That is, S is defined by
(4.45) w1w4 − w2w3 = w22 − w1w3 = w23 − w2w4 = t = 0
in W . Correspondingly, we can complete s1, given in (4.44), to a basis
{s1, s2, s3} of H0(Q), as a free module over C[[t]], satisfying
(4.46)
s1(w, 0) = w1w4 − w2w3
s2(w, 0) = w
2
2 − w1w3
s3(w, 0) = w
2
3 − w2w4.
Furthermore, by a suitable choice of si, we may assume that the expansions
of si do not contain the monomial terms t
kw2w3, t
kw22 and t
kw23 for k ≥ 1
because any of these terms can be replaced by
(4.47)
tkw2w3 = t
kw1w4 − tks1(w, t) + tk(s1(w, t) − s1(w, 0))
tkw22 = t
kw1w3 + t
ks2(w, t)− tk(s2(w, t) − s2(w, 0))
tkw23 = t
kw2w4 + t
ks3(w, t)− tk(s3(w, t) − s3(w, 0)).
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Then by replacing the basis (s1, s2, s3) by
(4.48)
[
1
g(t) A(t)
]s1s2
s3

for some g(t) ∈ C[[t]] and A(t) ∈ SL(2,C[[t]]), we can eliminate these terms.
In summary, we arrive at a basis {si} of H0(Q) satisfying
(4.49)
s1(w, t) = w1w4 − w2w3 + tµw20
s2(w, 0) = w
2
2 − w1w3
s3(w, 0) = w
2
3 − w2w4
∂j+1si
∂w0∂tj
∣∣∣∣
t=0
≡ 0
∂3si
∂t∂w2∂w3
=
∂3si
∂t∂w22
=
∂3si
∂t∂w23
≡ 0
for 1 ≤ i ≤ 3 and 0 ≤ j ≤ µ− 1.
We have the syzygy relations
(4.50)
w2(w1w4 − w2w3) + w3(w22 − w1w3) + w1(w23 − w2w4) = 0
w3(w1w4 − w2w3) + w4(w22 − w1w3) + w2(w23 − w2w4) = 0
in H0(IS(2)). We claim that there exists n ≤ µ such that
(4.51)
w2s1 +w3s2 + w1s3 = t
nf1 +
n−1∑
j=1
tj(a1jw1s1 + b1jw4s1 + c1jw1s3)
w3s1 +w4s2 + w2s3 = t
nf2 +
n−1∑
j=1
tj(a2jw1s1 + b2jw4s1 + c2jw4s2)
for some aij , bij , cij ∈ C and some fi(w, t) ∈ H0(OW (3)) such that at least
one of f1(w, 0) and f2(w, 0) does not vanish on S. We achieve this by
induction.
Suppose that we have (4.51) for some n ≤ µ with no restriction on fi(w, t).
This is obvious for n = 1. By comparing two sides of (4.51), we must have
(4.52)
f1(w, 0) = w2h1(w) + w3h2(w) + w1h3(w)
f2(w, 0) = w3h1(w) + w4h4(w) + w2h5(w),
for some hi ∈ H0(OP (2)). Let us first handle the case n < µ.
When n < µ, by comparing two sides of (4.51) and using (4.49), we have
(4.53) h1(w) ≡ 0 and ∂hi
∂w0
≡ 0
for all i. So
(4.54)
f1(w, 0) = w3h2(w) + w1h3(w)
f2(w, 0) = w4h4(w) + w2h5(w).
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If one of fi(w, 0) does not vanish on S, we are done. Otherwise, suppose
that fi(w, 0) ∈ H0(IS(2)) for i = 1, 2. Obviously, f1(w, 0) ∈ H0(IS(2)) if
and only if
(4.55) x2h2(w0, 1, x, x
2, x3) ≡ −h3(w0, 1, x, x2, x3).
Since h2 and h3 do not contain the monomial terms w
2
2, w2w3 and w
2
3 by our
choice of si, we conclude that for every term λwawb in h2, there is a term
−λwcwd in h3 such that a+ b+ 2 = c+ d. Then
(4.56)
h2 = λ1w
2
1 + λ2w1w2 + λ3w1w3 + λ4w1w4 + λ5w2w4
h3 = −λ1w1w3 − λ2w1w4 − λ3w2w4 − λ4w3w4 − λ5w24
f1(w, 0) = −(λ2w1 + λ5w4)s1(w, 0) + λ3w1s3(w, 0)
and thus we can rewrite the first identity of (4.51) as
(4.57) w2s1 +w3s2 +w1s3 = t
n+1f̂1 +
n∑
j=1
tj(a1jw1s1 + b1jw4s1 + c1jw1s3)
for some f̂1(w, t) ∈ H0(OW (3)). Applying the same argument to f2, we
obtain
(4.58) w3s1 +w4s2 +w2s3 = t
n+1f̂2 +
n∑
j=1
tj(a2jw1s1 + b2jw4s1 + c2jw4s2)
for some f̂2(w, t) ∈ H0(OW (3)). We can continue this process until either
one of fi(w, 0) does not vanish on S or n = µ. Let us handle the case n = µ.
When m = µ, we have h1(w) = w
2
0 and hence (4.52) becomes
(4.59)
f1(w, 0) = w2w
2
0 + w3h2(w) +w1h3(w)
f2(w, 0) = w3w
2
0 + w4h4(w) +w2h5(w).
By examining the two sides of (4.51) closer, we have the relation
(4.60)
∂h2
∂w0
≡ ∂h4
∂w0
and
∂h3
∂w0
≡ ∂h5
∂w0
among hi. In particular, h2(q) = h4(q) and h3(q) = h5(q). Therefore, the
Jacobian
(4.61)
 ∂f1∂w1 ∂f1∂w2 ∂f1∂w3 ∂f1∂w4∂f2
∂w1
∂f2
∂w2
∂f2
∂w3
∂f2
∂w4

q
=
[
h3(q) w
2
0 h2(q) 0
0 h5(q) w
2
0 h4(q)
]
of fi(w, 0) has rank 2 at q. Therefore, {f1(w, 0) = 0} and {f2(w, 0) = 0} are
two cubic hypersurfaces in P4 meeting transversely at q. By the surjection
(4.62) H0(IS(2)) ⊗H0(OP (1))։ H0(IS(3)),
every cubic hypersurface containing S is singular at q. Therefore, neither
fi(w, 0) vanishes on S. Indeed, f1(w, 0) and f2(w, 0) are linearly independent
in H0(OS(3)) when n = µ. This proves that there always exists n ≤ µ such
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that (4.51) holds for some fi ∈ H0(OW (3)) satisfying that at least one of
fi(w, 0) does not vanish on S.
Next we will show that n = δ. Let us consider the complete intersections
(4.63)
Zi,a,b = {si+1 = si+2
= (aw2 + bw3)s1 + (aw3 + bw4)s2 + (aw1 + bw2)s3 = 0}
in W for i = 1, 2, 3 and constants a and b ∈ C, where we sets si+3 = si.
Obviously, Zi,a,b and Z agree over an open set of W . More precisely,
(4.64)
Z1,a,b ∩ {aw2 + bw3 6= 0} = Z ∩ {aw2 + bw3 6= 0}
Z2,a,b ∩ {aw3 + bw4 6= 0} = Z ∩ {aw3 + bw4 6= 0}
Z3,a,b ∩ {aw1 + bw2 6= 0} = Z ∩ {aw1 + bw2 6= 0}.
For every point p 6= q ∈ S ∩ Y , we can always find i such that Zi,a,b = Z
locally at p when a and b are general. Therefore, we have
(4.65)
Z = Zi,a,b = {si+1 = si+2 = tn(af1 + bf2) = 0}
= {si+1 = si+2 = tn = 0} ∪ {si+1 = si+2 = af1 + bf2 = 0}
locally at p. The scheme {si+1 = si+2 = tn = 0} is supported along S
with multiplicity n and {si+1 = si+2 = af1 + bf2 = 0} does not contain S
since af1(w, 0) + bf2(w, 0) 6∈ H0(IS(3)) for general choices of a and b. In
conclusion, we must have n = δ and
(4.66) Y = {si+1 = si+2 = af1 + bf2 = 0}
locally at p for a and b general. It follows that fj(w, t) ∈ H0(IY (3)) for
j = 1, 2. This also gives a more explicit proof that Y is a l.c.i outside of q.
So far we have proved that n = δ ≤ µ. Next, we claim that δ = µ. By
(4.66), we have
(4.67) Y0 ⊂ S ∩ {f1(w, 0) = f2(w, 0) = 0}.
When n < µ, this implies
(4.68) Y0 ⊂ S ∩ {w3h2 + w1h3 = w4h4 + w2h5 = 0}.
by (4.54). All quadrics hi(w) = 0 are singular at q for 2 ≤ i ≤ 5 by (4.53).
It follows that the right hand side of (4.68) is a union of lines on S through
q, which contradicts our hypotheses on Y . Therefore, n = µ.
In conclusion, n = µ = δ and fi(w, 0) define two cubic hypersurfaces in
P4 meeting transversely at q.
It remains to study the local behavior of Y at the vertex q. Let us consider
the complete intersection
(4.69)
Y ′ = {s1(w, t) = f1(w, t) = f2(w, t) = 0}
= {w1w4 − w2w3 + tδw20 = f1(w, t) = f2(w, t) = 0}
in W . Obviously, Y ⊂ Y ′.
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By (4.61), using implicit function theorem, we see that Y ′ is locally given
by {y2 = g(x, t)} ⊂ ∆3xyt at q for some g(x, t) ∈ C[[x, t]]. The fact that
g(x, t) satisfies (4.37) follows from the observation that
(4.70)
∂3fi
∂w30
≡ 0
for i = 1, 2, i.e., the expansions of fi(w, t) do not contain the terms t
kw30.
One can see this from (4.51).
It follows that Y ′ is a reduced l.c.i at q and is either irreducible or the
union of two irreducible components y = ±√g(x, t) at q. If it is the latter
and Y ⊂ Y ′ is one of the two components, then Y0 is smooth at q; on the
other hand, Y0 is a curve of degree 8 on the cubic cone S and thus must be
singular at q. Therefore, Y = Y ′ in an open neighborhood of q. So Y is a
l.c.i everywhere.
If g(x, 0) ≡ 0, then Y0 is locally isomorphic to {y2 = 0} ⊂ ∆2xy and hence
nonreduced at q.
It is not hard to figure out the curve Y0 ⊂ S. Note that each cubic
hypersurface {fi(w, 0) = 0} cuts out a curve of degree 9 on S, while Y0 is a
curve of degree 8. Therefore,
(4.71) S ∩ {fi(w, 0) = 0} = Y0 + Li
for i = 1, 2 and two lines L1 and L2 on S through q. Since Y = Y
′ locally at
q, L1 and L2 must be distinct. For a general line L on S through q, L meets
each cubic hypersurface {fi(w, 0) = 0} transversely at q since {fi(w, 0) = 0}
are smooth at q; consequently, L meets Y0 at two points transversely or one
point with multiplicity 2 outside of q. This tells us the class of the curve
Y0. Let ν : Ŝ ∼= F3 → S be the resolution of singularity of S and Γ be the
proper transform of Y0 under ν. Then ν
∗OS(1) has degree 8 on Γ and Γ
meets a fiber of F3 → P1 with intersection number 2. That is,
(4.72) Γ.C = 8 and Γ.F = 2
where C and F are effective generators of Pic(F3) with C
2 = 3, C.F = 1 and
F 2 = 0. Obviously, (4.72) determines the class of Γ, which is Γ ∈ |2C+2F |.
When Y0 is integral, the surjection (4.38) follows from the diagram
(4.73)
Sym2H0(OY0(1)) H0(OY0(2))
Sym2H0(OΓ(C)) H0(OΓ(2C))
Sym2H0(F3, C) H
0(F3, 2C)
C15 C12
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Most of Theorem 4.9 follows directly from Lemma 4.10. Only the second
last statement needs an additional argument. That is, we need to justify
that n ≤ 6 in (4.33) if g(Yp) = 0. It follows from the lemma below.
Lemma 4.11. Let C be a rational curve of degC = 8 and pa(C) = 5 lying
on a cubic cone in P4. If there exists a hyperplane Λ of P4 meeting C at a
unique smooth point and C has a double singularity {y2 = xn} ⊂ ∆2xy at the
vertex q of the cone, then n ≤ 6.
Proof. Let ν : Ĉ ∼= P1 → P4 be the normalization of C. We can make
everything very explicit. Suppose that the cubic cone is given by
(4.74) w1w4 − w2w3 = w22 − w1w3 = w23 − w2w4
as usual with q = (1, 0, 0, 0, 0) and (wi) the homogeneous coordinates of P
4.
Let t be the affine coordinate of Ĉ. We identify H0(OĈ(d)) with the space
of polynomials in t of degree ≤ d.
Obviously, Λ does not pass through q. Using Aut(P4), we may assume
that Λ = {w0 = 0}. By our hypotheses, ν−1(Λ) consists of a single point,
which we take to be ∞. So ν∗(Λ) = ν∗(w0) = 1 ∈ H0(OĈ(8)).
If n is odd, ν−1(q) consists of a single point, say 0; if n is even, ν−1(q)
consists of two points, say 0 and 1. We let s = t2 if n is odd and s = t(t−1)
if n is even. Since a general hyperplane passing through q meets C at q with
multiplicity 2, ν is given by
(4.75) ν(t) = (1, sf1, sf2, sf3, sf4)
for some {fi} spanning a base point free linear system in H0(OĈ(6)). And
since C lies on the cubic cone (4.74), it is easy to see that
(4.76) ν(t) = (1, sf3, sf2g, sfg2, sfg3)
for some {f, g} spanning a base point free linear system in H0(OĈ(2)). Note
that we are free to replace {f, g} by a basis of Span{f, g} using PGL(5)
actions that preserves the cubic cone. Let us choose f(t) and g(t) such that
gcd(f, s) = 1 and g(0) = 0.
We base our argument for n ≤ 6 on the following observation: there
does not exist a hypersurface Q in P4 such that the intersection multiplicity
(Q.C)q at q is an odd integer less than n; also if n is even and Q meets one
branch of C at q with multiplicity m < n/2, then it must meet the other
branch with the same multiplicity m. Here we will find a quadric Q such
that (Q.C)q = 5 if n is odd and (Q.C)q = 7 if n is even. This will imply
n ≤ 6.
Let us consider the hyperplane Λ′ = {w2 = 0}. By our choice of f and g,
3 ≤ (Λ′.C)q ≤ 4. If (Λ′.C)q = 3, we are done; otherwise, (Λ′.C)q = 4. If n
is odd, this implies that g is a multiple of s. If n is even, g = cs or g = ct2
for some c 6= 0. If it is the latter, Λ′ meets the two branches of C at q with
multiplicities 2 and 4, respectively, and hence n ≤ 4. So we conclude that
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g is a multiple of s; otherwise, we are done. Let us assume that g = s. So
for every f such that {f, g} is a basis of Span{f, g}, we have gcd(f, s) = 1.
Thus, we may choose f such that f(∞) = 0. That is, we may simply take
f = t− a for some a such that gcd(f, s) = 1. More explicitly, ν is
(4.77) ν(t) = (1, f3s, f2s2, fs3, s4),
for f = t−a, where s = t2 and a 6= 0 if n is odd and s = t(t−1) and a 6= 0, 1
if n is even.
Let Q be the quadric defined by w21 − a4w0w2 = 0. Then
(4.78) ν∗(Q) = (f3s)2 − a4f2s2 = f2s2(f4 − a4).
When n is odd, f4 − a4 = (t − a)4 − a4 vanishes at 0 of order 1. Hence
(Q.C)q = 5 and this proves n ≤ 6 for n odd.
When n is even, ν∗Q vanishes at 0 of order 3 and at 1 of order 2 or 3.
If ν∗Q vanishes at 1 of order 2, (Q.C)q = 5 and we are done. Otherwise,
suppose that ν∗Q vanishes at 1 of order 3, which happens if and only if
(f(1))4 − a4 = (1− a)4 − a4 = 0.
Now we choose another quadric Q′ = {w21 − a4w0w2 + 4a4w0w3 = 0}.
Then
(4.79) ν∗(Q′) = fs3
(
(f4 − a4)f
s
+ 4a4
)
where an easy computation shows
(4.80)
(f4 − a4)f
s
=
((t− a)4 − a4)(t− a)
t(t− 1) =
{
−4a4 if t = 0
5(1− a)4 − a4 if t = 1.
Therefore, ν∗(Q′) vanishes at 0 of order at least 4. On the other hand, since
a4 = (1− a)4 6= 0, ν∗(Q′) vanishes at 1 of order 3. Consequently, n ≤ 6. 
5. Numerical Computations on the Pseudo Relative Canonical
Model
5.1. Numerical Invariants of W and Z. We have constructed a pseudo
relative canonical model Y/C of X/C in the previous section. The local
study of Y has made it possible to carry out numerical computations on
Y , as a subvariety of W . We start with the computation of a few simple
numerical invariants of W and Z.
Note that L = OX(8Γ) = KX ⊗OX(−V − f∗D),
(5.1) h0(L) = 1 and H0(L ⊗OX(f∗D)) = H0(KX) = H0(OC(D)))
by (2.6). Thus, combining with (2.1), we see that
(5.2) f∗L = OC ⊕A
where A is a vector bundle of rank 4 on C satisfying that
(5.3) H0(A(D)) = H0(A⊗OC(D)) = 0.
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The fact that H0(A(D)) = 0 implies that
(5.4) c1(A) ≤ −4d− 4χ(OC )
by Riemann-Roch.
Clearly, CH•(W ) is generated by pi∗CH1(C) and Λ with the relation
(5.5) Λ5 = Λ4.pi∗c1(f∗L) = c1(A),
where pi is the projection W → C. By the Euler sequence
(5.6) 0 OW pi∗(f∗L)∨ ⊗OW (Λ) TW/C 0
we obtain the Chern character
(5.7)
ch(TW ) = pi
∗ ch(TC) + exp(Λ)(1 + pi
∗ ch(A∨))− 1
= 5− pi∗KC + 5Λ− pi∗c1(A)
+
∑
n≥2
(
5
n!
Λn − 1
(n− 1)!Λ
n−1pi∗c1(A)
)
of the tangent bundle TW and it follows that
(5.8) ωW = −5Λ + pi∗KC + pi∗c1(A).
The ideal sheaf IZ of Z ⊂W can be resolved by the Koszul complex
(5.9) 0 −→ ∧3pi∗Q −→ ∧2pi∗Q −→ pi∗Q −→ IZ ⊗OW (2) −→ 0.
It follows that
(5.10) Z = −c3(pi∗Q⊗OW (−2)) = 8Λ3 − 4Λ2pi∗c1(Q)
in CH2(W ) and
(5.11) NZ = (IZ/I2Z)∨ = (pi∗Q)∨ ⊗OW (2)
∣∣∣
Z
where NZ is the normal sheaf of Z in W . In general, we use the notation
N∨F/G = IF /I2F to denote the conormal sheaf of F ⊂ G and NF/G for its
dual, namely, the normal sheaf, where IF is the ideal sheaf of F in G. If the
context is clear about the ambient space G, we simply write NF = NF/G.
5.2. Intersection Number Λ2Y . Since
(5.12) Λ
∣∣∣
Y
= 8ΓY and τ
∗Λ = 8Γ,
we have
(5.13) Γ2 = Γ2Y =
1
8
ΛΓY =
1
64
Λ2Y,
where the intersection number Γ2Y is taken in Y .
We need to figure out Λ2Y . By (4.29),
(5.14) Λ2Y = Λ2Z −
∑
p∈C
δpΛ
2Sp = Λ
2Z − 3δ
since degSp = 3 in Wp ∼= P4, where δ =
∑
δp.
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Combining (5.5), (5.10), (5.13) and (5.14), we obtain
(5.15)
64Γ2 = 64Γ2Y = 8ΛΓY = Λ
2Y = 8Λ5 − 4Λ4pi∗c1(Q) − 3δ
= 8c1(A)− 4c1(Q)− 3δ.
5.3. Dualizing Bundles ωY and ωZ. By (5.8), (5.11) and adjunction, we
have
(5.16) ωZ = ωW
∣∣∣
Z
+ c1(NZ) = (Λ + pi∗KC + pi∗c1(A) − pi∗c1(Q))
∣∣∣
Z
.
At every smooth point of Yp, Z is locally given by yt
δp = 0 in ∆3xyt with
Y = {y = 0} and Sp = {t = 0}, by the local analysis carried out in the proof
of Lemma 4.10. Therefore,
(5.17)
ωY = ωZ
∣∣∣
Y
−
∑
p∈C
δpYp
= pi∗Y (KC + c1(A)− c1(Q) −
∑
δpp︸ ︷︷ ︸
DY
) + 8ΓY
where piY is the projection Y → C.
5.4. Adjunction on (Y,ΓY ). By Theorems 4.2 and 4.7, Y is smooth along
ΓY . Therefore, adjunction applies to (Y,ΓY ) and produces
(5.18)
c1(KC) = c1(KΓY ) = (ωY + ΓY )ΓY
= c1(KC) + c1(A)− c1(Q)− δ + 9Γ2Y
= c1(KC) +
17
8
c1(A)− 25
16
c1(Q)− 91
64
δ
⇒ c1(Q) = 34
25
c1(A)− 91
100
δ.
Combining (5.15) and (5.18), we reach the following crucial identity
(5.19) δ = 100Γ2 − 4c1(A) .
So far by computing ΛΓY in two different ways, we have established the
numerical relations among c1(A), c1(Q), δ and Γ2 in (5.15) and (5.19). Next
we are trying to bound δ and c1(A) in terms of the double surface singu-
larities Y has at the vertices of the cones Sp. For that purpose, let us first
introduce the invariant b.
5.5. Local Invariants bp,q and h
1(OE ). We have
(5.20)
f∗D + 8Γ + V = KX = τ
∗
Y ωY +
∑
a(E,Y )E
= f∗DY + 8Γ +
∑
a(E,Y )E
where DY is the divisor on C defined in (5.17), E runs over all exceptional
divisors of τ and a(E,Y ) is the discrepancy of E with respect to Y . For
XIAO’S CONJECTURE 25
each fiber Yp and every point q ∈ Yp, we let bp,q be the smallest non-negative
rational number such that the divisor
(5.21)
∑
τ(E)=q
a(E,Y )E + bp,qXp
is Q-effective. Clearly, bp,q = 0 when Y has at worst canonical singularities
at q. More explicitly, bp,q is simply given by
(5.22) bp,q = max
τ(E)=q
(
0,− a(E,Y )
multE(Xp)
)
where multE(Xp) is the multiplicity of the component E in Xp. One can
define bp,q for any fiberation Y/C. It is independent of the choice of the
desingularization of Y . For a smooth surface X relative minimal over C,
a(E,Y ) ≤ 0 for all E ⊂ Xp and so we actually have
(5.23) bp,q = max
τ(E)=q
(
− a(E,Y )
multE(Xp)
)
.
If we let
(5.24) bp = max
q∈Yp
bp,q,
we can put (5.20) in the form
(5.25) f∗D + V = f∗
(
DY −
∑
bpp
)
+
(∑
a(E,Y )E +
∑
bpXp
)
.
Obviously, either side of (5.25) is a Zariski decomposition of the same divisor.
By the uniqueness of Zariski decomposition, we conclude that
(5.26) V =
∑
a(E,Y )E +
∑
bpXp.
And since ΓE = 0 for all exceptional divisors E of τ , we have
(5.27) ΓV =
∑
p∈C
bp.
Note that (5.26) implicitly says that bp ∈ N for all p. We will only consider
the double surface singularities of Y at the vertices of the cones Sp. Let
(5.28) V ′ =
∑
δp 6=0
 ∑
τ(E)=q
a(E,Y )E + ⌈bp,q⌉Xp
 ,
where q ∈ Yp is the vertex of Sp. Clearly, V ′ ≤ V and we let
(5.29) b =
∑
δp 6=0
⌈bp,q⌉ and E = −
∑
δp 6=0
∑
τ(E)=q
a(E,Y )E.
We may give a better bound for c1(A) than (5.4) in terms of b and E .
Note that
(5.30) c1(A) = c1(f∗L) = h0(8Γ + f∗N)− 5 degN − 5χ(OC)
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for a sufficiently ample divisor N on C. The dimension h0(8Γ + f∗N) can
be estimated by
(5.31)
8Γ + f∗N = KX + f
∗(N −D)− V
≤ KX + f∗(N −D)− V ′
= KX + f
∗(N −D)−
∑
δp 6=0
⌈bp,q⌉Xp + E .
For M = KX + f
∗(N −D)−∑⌈bp,q⌉Xp, by the standard exact sequence
(5.32) 0 O(M) O(M + E) OE(M + E) 0
we obtain
(5.33)
h0(8Γ + f∗N) ≤ h0(M + E) ≤ h0(M) + h0(OE (M + E))
= h0(KX + f
∗(N −D)−
∑
⌈bp,q⌉Xp) + h0(ωE)
= h0(KX + f
∗(N −D)−
∑
⌈bp,q⌉Xp) + h1(OE )
where ωE is the dualizing sheaf of E . Note that
(5.34) ωE = OE (M + E) = OE (KX + E) = OE (τ∗Y ωY ) = OE
and hence h0(OE ) = h1(OE). It is also worthwhile to point out that E is the
closed subscheme of X defined by
(5.35) OE = OXOX(−E) .
If E = 0, we take OE = 0 and h1(OE ) = 0.
On the other hand, h0(M) can be easily estimated by
(5.36)
h0(KX + f
∗(N −D)−
∑
⌈bp,q⌉Xp)
≤ h0(KX) + 5(degN − degD)− 5
∑
⌈bp,q⌉
= χ(OC) + 5degN − 4d− 5b
which follows from the exact sequence
(5.37) 0 OX(KX) OX(KX + f∗G)
∑
p∈G
OXp(KXp) 0.
Combining (5.30), (5.33) and (5.36), we obtain
(5.38) c1(A) ≤ −4(d+ χ(OC))− 5b+ h1(OE ).
The extra term −(5b− h1(OE )) makes it a better bound than (5.4).
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5.6. Key Inequality. We claim that
(5.39)
χ(X)− χ(F )χ(C) = 12χ(OX )−K2X + 16χ(OC )
≥ δ − 28b+ 4h1(OE ) +KXE
where F is a general fiber of f and χ(X), χ(F ) and χ(C) are the (topological)
Euler characteristics of X,F and C, respectively. The left hand side of
(5.39) measures, roughly, how far X is from a smooth fibration; clearly,
χ(X) = χ(F )χ(C) if every fiber of f is smooth.
Let us first see how to derive our main theorem from (5.19) and (5.39).
We observe that
(5.40) χ(OX) = h0(KX)−h1(OX)+1 ≤ h0(KX)−h1(OC)+1 = d+2χ(OC).
Combining (5.40) and (2.6), we obtain
(5.41)
12χ(OX )−K2X + 16χ(OC)
≤ 12(d + 2χ(OC))−KX(f∗D + 8Γ + V ) + 16χ(OC )
≤ 12(d + 2χ(OC))−KX(f∗D + 8Γ + V ′) + 16χ(OC)
= 4d+ 8Γ2 + 56χ(OC)− 8b+KXE ,
where V ′ ≤ V is given by (5.28). Therefore, we conclude
(5.42) 4d+ 8Γ2 + 56χ(OC ) ≥ δ − 20b+ 4h1(OE )
by (5.39). Thus, replacing δ in (5.42) by the right hand side of (5.19), we
obtain an upper bound for Γ2:
(5.43) Γ2 ≤ d+ c1(A) + 5b− h
1(OE )
23
+
14
23
χ(OC).
Consequently,
(5.44) Γ2 ≤ − 3
23
d+
10
23
χ(OC)
by (5.38). Combining (5.44) with (2.7), we have
(5.45) − d
8
− 17
4
χ(OC) ≤ − 3
23
d+
10
23
χ(OC),
which fails if pg(X) = d + χ(OC) > 863χ(OC ). This proves Theorem 1.2,
provided that (5.39) holds. The rest of the paper will be devoted to the
proof of (5.39). It is organized as follows:
• First, we will interpret the left hand side of (5.39) as a moduli invari-
ant of the family X/C and show that it can be computed via local
invariants of the singular fibers of X/C. Much of this was due to
S.L. Tan and we are not claiming any originality on our part. In this
way, we will turn (5.39) into a local problem on the double surface
singularities of Y at the vertices of the cones Sp.
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• Second, we will try to give an explicit upper bound for the right hand
side of (5.39). Especially, we need to understand h1(OE), which is
quite mysterious. For one thing, it is not even clear that h1(OE ) ≤ 5b
in (5.38). We will prove this and more.
• Finally, we will reduce (5.39) to a local inequality on the double
surface singularties of Y and prove it in §6.
5.7. Moduli Invariants. If f : X → C is semistable, the left hand side of
(5.39) is given by the moduli invariants c1(f∗ωf ) and f∗(ω
2
f ) in (cf. [H-M,
p. 154])
(5.46) χ(X)− χ(F )χ(C) = 12deg f∗ωf − ω2f = η
where η is the total number of nodes of the singular fibers of f . This follows
from Grothendieck-Riemann-Roch and the exact sequence
(5.47) 0 f∗ΩC ΩX ωf ωf ⊗OΣ 0
where Σ ⊂ X is the subscheme of the nodes of the singular fibers of f .
We want to generalize (5.46) to fibrations f : X → C of curves with the
only hypotheses that both X and C are smooth and projective. Of course,
we can still define η to be the LHS of (5.46). The point here is to understand
how the singular loci of the fibers of f contribute to η.
As mentioned at the very beginning, this problem had been extensively
studied by S.L. Tan. For our purpose, we just have to deal with the con-
tribution coming from the resolution of a double surface singularity of type
(4.33). So we are going to give a simple treatment to this problem. Please
see [T1] and [T2] for a comprehensive solution.
Basically, we need to figure out how to amend the exact sequence (5.47)
when X/C is not necessarily semistable. The trouble here is, of course,
that Xp might be nonreduced for some p. In case that X/C has reduced
fibers, (5.47) continues to hold with Σ being the subscheme supported at the
singularities of Xp and locally defined by the Jacobian ideal at each singular
point. More precisely, if X is locally given by g(x, y) = t at q ∈ X, Σ is
locally cut out by ∂g/∂x = ∂g/∂y = 0, where t is the local parameter of the
base C. Thus, a node of Xp at q (i.e. g(x, y) = xy) contributes 1 to η, a
cusp of Xp at q (i.e. g(x, y) = x
2 − y3) contributes 2 to η and so on.
Let us first see how to define the map ΩX → ωf in general. For a vector
bundle (or just a coherent sheaf) E over X, we always has a map
(5.48) E ∧2E∧s
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after fixing a section s ∈ H0(E). The natural map f∗ΩC → ΩX gives rise
to a section of ΩX ⊗ (f∗ΩC)∨ and thus induces a map
(5.49)
ΩX ⊗ (f∗ΩC)∨ ∧2(ΩX ⊗ (f∗ΩC)∨)
ΩX ⊗ f∗K−1C ωf ⊗ f∗K−1C .
Therefore, we have the exact sequence
(5.50)
0 ker(ρ) ΩX ωf coker(ρ) 0
L ωf ⊗OΣ
ρ
as a generalization of (5.47), where an easy local study shows that L = ker(ρ)
is a line bundle on X and Σ is the subscheme of X defined by the Jacobian
ideals of Xp as above. More explicitly, if we let Σ = Σ0∪Σ1 with Σ0 of pure
dimension 0 and Σ1 of pure dimension 1, then
(5.51) Σ1 =
∑
(multG(Xp)− 1)G =
∑
p∈C
(
Xp − (Xp)red
)
where G runs over all irreducible components of Xp for all p and (Xp)red is
the largest reduced subscheme supported on Xp.
Taking Chern characters of (5.50), we obtain
ch(ωf )− ch(ΩX) = ch(OΣ0) + ch(ωf ⊗OΣ1)− ch(L)
= ch(OΣ0) + (exp(ωf )− exp(ωf − Σ1))− exp(c1(L)).
(5.52)
Restricting (5.52) to CH1(X) yields
(5.53) − f∗KC = Σ1 − c1(L)
and hence
(5.54) L ∼= f∗ΩC ⊗OX (Σ1) .
Therefore,
χ(X)− χ(F )χ(C) = ω
2
f
2
− K
2
X − 2c2(X)
2
= ch(OΣ0) + (ωfΣ1 − Σ21)
= ch(OΣ0) +
∑
p∈C
KX
(
Xp − (Xp)red
)−∑
p∈C
(
Xp − (Xp)red
)2
= ch(OΣ0) +
∑
p∈C
2
(
pa(Xp)− pa
(
(Xp)red
))
= η
(5.55)
by restricting (5.52) to H4(X).
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Definition 5.1. Let G be an effective divisor on a smooth surface X. Then
the η-invariant of G is
η(G) =
∑
q∈G
η0(G, q)︸ ︷︷ ︸
η0(G)
+KX(G −Gred) + (G2 −G2red)︸ ︷︷ ︸
η1(G)
=
∑
q∈G
η0(G, q)︸ ︷︷ ︸
η0(G)
+2
(
pa(G) − pa(Gred)
)︸ ︷︷ ︸
η1(G)
(5.56)
with η0(G, q) defined by
(5.57) νq = dimC
(
OX,q/(gred ∂(log g)
∂x
, gred
∂(log g)
∂y
)
)
,
where g(x, y) and gred(x, y) are the local defining equations of G and Gred
at q, respectively, i.e.,
(5.58) gred(x, y) = g1(x, y)g2(x, y)...gl(x, y)
if G is given by g(x, y) = gm11 (x, y)g
m2
2 (x, y)...g
ml
l (x, y) = 0 in X
∼= ∆2xy at q
with g1(x, y), g2(x, y), ..., gl(x, y) ∈ C[[x, y]] distinct and irreducible.
We can summarize our previous discussion in the following proposition:
Proposition 5.2. Let f : X → C be a surjective morphism from a smooth
projective surface X to a smooth projective curve C. Then
(5.59) χ(X)− χ(F )χ(C) =
∑
p∈C
η(Xp)
where F is a general fiber of f .
It is not hard to see that the η-invariant of a fiber is always nonnegative:
η0(G) ≥ 0 obviously and η1(G) ≥ 0 by the following lemma.
Lemma 5.3. Let G ⊂ X be an effective divisor on a normal surface X.
Suppose that X is Q-Gorenstein, G and Gred are Cartier, G
2 = 0 and G is
nef. The following holds:
• For a smooth surface Y and a proper birational map f : Y → X,
(5.60) η1(f
∗G) ≥ η1(G).
• η1(G) ≥ 0 if X is smooth.
Proof. First we show that (5.60) holds when KY E ≥ 0 for all exceptional
curves E of f , i.e., KY is f -nef. Let us consider
(5.61) M = f∗Gred − (f∗G)red.
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Clearly, f∗G ≥M ≥ 0 and f∗M = 0. Therefore,
η1(f
∗G)− η1(G) = −2pa((f∗G)red) + 2pa(Gred)
= (KXGred +G
2
red)− (KY (f∗G)red + (f∗G)2red)
= KYM −M2
(5.62)
since pa(f
∗G) = pa(G) and M.f
∗Gred = 0, obviously.
By our hypotheses on G, F 2 ≤ 0 for all effective divisors F supported
on f∗G. Therefore, M2 ≤ 0. And since KYM ≥ 0, we conclude that
η1(f
∗G) ≥ η1(G) if KY is f -nef.
Next, we claim that (5.60) holds when both X and Y are smooth. It
suffices to prove it for f : Y → X the blowup of X at a point. This is more
or less obvious since M = mE in (5.62), where E is the exceptional divisor
of f . This proves (5.60).
If KXE ≥ 0 for all components E ⊂ G, then
(5.63) η1(G) = KX(G−Gred)−G2red ≥ 0
since G2red ≤ 0.
If X is smooth and KXE < 0 for some component E ⊂ G, then E is a
(−1)-curve and it can be blown down via pi : X → X ′. Then η1(G) ≥ η1(G′)
by (5.60), where G′ = pi∗G. By induction, we conclude that η1(G) ≥ 0 if X
is smooth. 
Neither Proposition 5.2 nor Lemma 5.3 is new [T3].
Now back to (5.39), as a consequence of Proposition 5.2, we see that it
holds provided that we can prove
(5.64)
∑
p∈C
η(Xp) ≥ δ − 28b+ 4h1(OE ) +KXE
which is a local statement on the singularities of Y .
By Theorem 4.9, we know that Y has a double point of type (4.33) at the
vertex of each cubic cone Sp. And by Lemma 5.3, all the local contributions
to η(Xp) is nonnegative. Therefore, we can further reduce (5.64) to the
following:
(5.65) η(Xp ∩ τ−1(Uq)) ≥ δp − 28⌈bp,q⌉+ 4h1(OEp) +KXEp
where Uq is an analytic open neighborhood of the vertex q of Sp in W , bp,q
and E are defined in (5.22) and (5.29), respectively, and Ep is the connected
component of E contained in Xp.
5.8. Estimate h1(OE) and KXE. Let us give a more explicit upper bound
for the right hand side of (5.65). This involves estimation of the terms
h1(OE ) and KXE .
Lemma 5.4. Let f : X → C be a flat projective morphism from a projective
surface X to a smooth projective curve C. Suppose that
• the general fibers of f are smooth,
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• X is a local complete intersection, and
• X is smooth at a point q if the fiber Xf(q) is nonreduced at q.
Then R1f∗OX is torsion-free. Consequently, all of h0(Of∗M ), h1(Of∗M ),
h0(ωX ⊗Of∗M ) and h1(ωX⊗Of∗M ) are constants depending only on degM
for all effective divisors M on C.
Proof. Here we do not have to assume that f has connected fibers.
This is clear if all fibers of f are reduced. If Xp is reduced, h
0(OXp) is the
number of connected components of Xp so h
0(OXt) is constant for t in an
open neighborhood of p; by flatness and invariance of Hilbert polynomials,
h1(OXt) is also locally constant at p. So R1f∗OX is torsion-free if all fibers
of f are reduced.
Let φ : X̂ → X be a birational morphism consisting of the blowups with
smooth centers over the nonsingular locus of X. Then φ∗OX̂ = OX and
Rjφ∗OX̂ = 0 for j ≥ 1. Hence
(5.66) R1(f ◦ φ)∗OX̂ = R1f∗(φ∗OX̂) = R1f∗OX
by Grothendieck spectral sequence. So we may simply replace X by X̂ . In
particular, we can make X into a surface such that all fibers of X/C have
simple normal crossing supports outside of Xsing. By our hypothesis on X,
Xp has simple normal crossing support along its nonreduced components.
By stable reduction, there exists a finite morphism B → C from a smooth
projective curve B to C such that the normalization W of X ×C B has
reduced fibers over B. So we have the diagram
(5.67)
W X
B C
ϕ
e f
ν
Since ϕ : W → X is finite, Rjϕ∗F = 0 for all j ≥ 1 and coherent sheaves F
on W . Therefore,
(5.68) R1(f ◦ ϕ)∗OW = R1f∗(ϕ∗OW ).
By our hypotheses, X is Cohen-Macaulay and smooth in codimension one.
Therefore, X is normal by Serre’s criterion on normality and hence OX is
a direct summand of ϕ∗OW . Then by (5.68), R1f∗OX is torsion free if
R1(f ◦ ϕ)∗OW is.
On the other hand, since ν is finite, we have
(5.69) R1(f ◦ ϕ)∗OW = R1(ν ◦ e)∗OW = ν∗(R1e∗OW ).
Since e :W → B has reduced fibers, R1e∗OW is torsion-free. It follows that
ν∗(R
1e∗OW ) and hence R1(f ◦ ϕ)∗OW are torsion-free. This proves that
R1f∗OX is torsion-free.
For an effective divisor M on C, applying f∗ to the exact sequence
(5.70) 0 OX(−f∗M) OX Of∗M 0,
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we obtain
(5.71)
0 f∗OX ⊗OC(−M) f∗OX f∗Of∗M
R1f∗OX ⊗OC(−M) R1f∗OX R1f∗Of∗M 0.
Since R1f∗OX ⊗OC(−M) is torsion-free and f∗Of∗M is torsion, the above
long exact sequence breaks down to two short exact sequences:
(5.72) 0 f∗OX ⊗OC(−M) f∗OX f∗Of∗M 0
and
(5.73) 0 R1f∗OX ⊗OC(−M) R1f∗OX R1f∗Of∗M 0.
By (5.72), we have the identity
(5.74)
h0(Of∗M ) = h0(f∗Of∗M ) = c1(f∗Of∗M )
= c1(f∗OX)− c1(f∗OX ⊗OC(−M)),
whose right hand side only depends on degM . Therefore, h0(Of∗M ) is a
constant only depending on degM . Similarly, by (5.73), the same holds for
h1(Of∗M ). Then by Serre duality, both h0(ωX⊗Of∗M ) and h1(ωX⊗Of∗M )
are constants only depending on degM . 
For two effective divisors F1 and F2 on a smooth variety, we have the
exact sequence
(5.75)
0 OF1(−F2) OF1+F2 OF2 0
O(−F2)
O(−F1 − F2)
O
O(−F1 − F2)
O
O(−F2)
So we have a surjection H1(OF1+F2)։ H1(OF2) on a smooth surface. Con-
sequently, for two effective divisors D1 and D2 on a smooth surface with
D1 ≤ D2, we always have h1(OD1) ≤ h1(OD2).
Applying this observation to
(5.76) E ≤M =
∑
δp 6=0
⌈bp,q⌉Xp,
we obtain h1(OE ) ≤ h1(OM ). By Lemma 5.4, h1(OM ) = bh1(F ) = 5b and
hence h1(OE ) ≤ 5b. We can do better with the following lemma.
Lemma 5.5. Under the same hypotheses of Lemma 5.4, we further assume
that f has connected fibers. Suppose that Xp = F + Y for a fiber Xp of f
over p ∈ C , where
• F and Y are two connected effective divisors contained in Xp,
• F and Y meet properly, and
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• X is smooth along F .
Then
(5.77) h1(ObF ) ≤ b
(
h1(OXp)− h1(OY)−FrYr + 1
)
for all b ∈ N, where Fr and Yr are the reduced effective divisors supported
on F and Y, respectively.
Proof. Applying (5.75) to F and (m− 1)F , we obtain the exact sequence
(5.78)
0 OF (−(m− 1)F) OmF O(m−1)F 0
OF ((m− 1)Y)
for m ≥ 1. Clearly, h1(OF ((m− 1)Y)) ≤ h1(OF ) by the exact sequence
(5.79) 0 OF OF ((m− 1)Y) OF∩(m−1)Y ((m− 1)Y) 0.
Therefore,
(5.80) h1(ObF ) ≤
b∑
m=1
h1(OF ((m− 1)Y)) ≤ bh1(OF ).
We can bound h1(OF ) using the exact sequence
(5.81) 0 OXp OF ⊕OY OF∩Y 0
with the induced long exact sequence
(5.82)
H0(OF )⊕H0(OY) H0(OF∩Y )
H1(OXp) H1(OF )⊕H1(OY) 0.
We obtain immediately from (5.82) that h1(OF ) ≤ h1(OXp)− h1(OY). We
can do a little better by observing that the map H0(OF∩Y) → H1(OXp) is
not necessarily zero. More precisely,
(5.83)
h1(OF ) = h1(OXp)− h1(OY)
− dim coker(H0(OF )⊕H0(OY)→ H0(OF∩Y)).
By the diagram
(5.84)
H0(OF )⊕H0(OY ) H0(OF∩Y)
0 H0(OXp,r ) H0(OFr)⊕H0(OYr ) H0(OFr∩Yr)
C C⊕ C C⊕FrYr
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we conclude that
(5.85)
dim coker(H0(OF )⊕H0(OY)→ H0(OF∩Y))
≥ dim coker(H0(OFr )⊕H0(OYr)→ H0(OFr∩Yr)) = FrYr − 1
where Xp,r is the reduced effected divisor supported on Xp. Then (5.77)
follows from (5.80), (5.83) and (5.85). 
We do not really need the term FrYr − 1 in our application of (5.77).
From now on, we take X to be the minimal desingularization of Y only
at the vertices of the cones Sp. Clearly, this does not change anything on
either side of (5.65) and X satisfies the hypotheses of Lemma 5.4 and 5.5.
Fixing a point p ∈ C with δp 6= 0, we write
(5.86) Xp = Fp + Yp
as the sum of two effective divisors Fp and Yp with Yp the proper transform
of Yp. Clearly, both Fp and Yp are connected, Fp and Yp meet properly and
X is smooth along Fp.
Obviously, Ep ≤ ⌈bp,q⌉Fp and hence h1(OEp) ≤ h1(O⌈bp,q⌉Fp). So we have
(5.87)
h1(OEp) ≤ h1(O⌈bp,q⌉Fp) ≤ ⌈bp,q⌉
(
h1(OXp)− h1(OYp)
)
= ⌈bp,q⌉
(
5− h1(OYp)
)
by Lemma 5.4 and 5.5.
We claim that h1(OYp) ≥ 1. Since Yp is a partial normalization of Yp,
this is clear if g(Yp) ≥ 1. If g(Yp) = 0, then by the second last statement of
Theorem 4.9, Yp has a double point of type y
2 = xn at q for some n ≤ 6 and
hence pa(Yp) ≥ pa(Yp)−3 = 2, i.e., h1(OYp) ≥ 2. In conclusion, h1(OYp) ≥ 1
and it follows that
(5.88) h1(OEp) ≤ 4⌈bp,q⌉.
Next, let us give a bound for KXEp. Again, since Ep ≤ ⌈bp,q⌉Fp,
(5.89)
KXEp ≤ ⌈bp,q⌉KXFp = ⌈bp,q⌉(KXXp −KXYp)
= ⌈bp,q⌉(8− (2pa(Yp)− 2)−FpYp) ≤ 7⌈bp,q⌉
as pa(Yp) = h1(OYp) ≥ 1 and FpYp ≥ 1. Indeed, as we will see later from
the explicit desingularization of Y at q, we always have FpYp ≥ 2. So the
bound 7⌈bp,q⌉ can be improved to 6⌈bp,q⌉. But we have no need for it.
Finally, combining (5.88) and (5.89), we have further reduced (5.65) to
(5.90) η(Xp ∩ τ−1(Uq)) ≥ δp − 5⌈bp,q⌉.
A proof of (5.90) concludes our main theorem. So it comes down to the
study of a double surface singularity of type (4.33).
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6. Double Surface Singularities
6.1. Resolution of Double Surface Singularities. It suffices to prove
the following:
Proposition 6.1. Let Y = {y2 = g(x, t)} ⊂ ∆3xyt be a normal surface
singularity with g(x, t) ∈ C[[x, t]] satisfying
(6.1) g(x, 0) 6≡ 0, g(0, t) = tδ and ∂g
∂x
∣∣∣∣
x=0
≡ 0
for some δ ∈ Z+ and let τ : X → Y be the minimal resolution of Y . Then
(6.2) η(X0) ≥ δ − 5b
where X0 = τ
∗Y0 = τ
∗(Y ∩ {t = 0}) and b is defined by
(6.3) b = max
τ∗E=0
(
0,− a(E,Y )
multE(X0)
)
.
Here X and Y are regarded as families of curves over ∆t.
Let us first resolve the double surface singularity Y = {y2 = g(x, t)}. The
following procedure works for all g(x, t) satisfying g(0, t) 6≡ 0.
The simplest way to resolve the singularity of Y is to consider it as a
double cover over U = ∆2xt ramified along the curve R = {g(x, t) = 0},
find a suitable embedded resolution (Û , R̂) of (U,R) and then construct the
double cover of Û ramified along R̂. Actually, the algorithm is very simple
and straightforward: Find the “minimal” birational map u : Û → U such
that
• Û and all components of u∗R are smooth;
• if the components G1, G2, ..., Gm of u∗R meet at a point, all but at
most one of G1, G2, ..., Gm have even multiplicity in u
∗R.
A more terse way to put this is that u : Û → U is the minimal birational
map with Û smooth such that the divisor
(6.4) R̂ = u∗R− 2
⌊
u∗R
2
⌋
is smooth, i.e., a disjoint union of smooth components. Then we take Ŷ to
be the double cover Û ramified along R̂. We have the diagram
(6.5)
Ŷ Y
Û U
ν
pi pi
u
Remark 6.2. As an example, let us see how an Aδ−1 singularity y
2 = x2+tδ is
resolved in this way. The following diagram shows how to resolve y2 = x2+t4
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as a double cover:
(6.6)
YŶ
❄❄❄❄❄
⑧⑧
⑧⑧
⑧
ν
//
❄❄❄❄❄
⑧⑧
⑧⑧
⑧
pi

pi

⑧⑧
⑧⑧
⑧
R̂ {
u
//
UÛ
}
R
6.2. Minimal Resolution of Y . Such Ŷ is not necessarily the minimal
resolution of Y as it might contain (−1)-curves. But these (−1)-curves are
easily located and contraction of these curves will render Ŷ minimal.
Proposition 6.3. Let Y = {y2 = g(x, t)} ⊂ ∆3xyt be a normal surface
singularity with g(x, t) ∈ C[[x, t]] satisfying g(x, 0) 6≡ 0 and let ν : Ŷ → Y
be the resolution of Y constructed as above. Then
• An exceptional curve E ⊂ Ŷ of ν is a smooth rational curve of self
intersection E2 = −1 if and only if F = pi(E) lies in the ramification
locus R̂ and F 2 = −2. Hence the (−1)-curves of Ŷ are disjoint.
• X is the minimal resolution of Y for the contraction Ŷ → X of all
(−1)-curves of Ŷ .
Proof. For an exceptional curve F ⊂ Û , if F ⊂ R̂, then E = pi−1(F ) is a
smooth rational curve of E2 = F 2/2. If F 6⊂ R̂, we have three cases:
(1) E = pi−1(F ) is an integral curve mapped 2-to-1 to F by pi and hence
E2 = 2F 2.
(2) pi∗F = E1 + E2, where E1 and E2 are two distinct integral curves
satisfying E1E2 > 0. Then E
2
i = Ei.pi
∗F −E1E2 = F 2−E1E2 < −1
for i = 1, 2.
(3) pi∗F = E1 + E2, where E1 and E2 are two disjoint smooth rational
curves satisfying E2i = F
2 for i = 1, 2. This happens when pi is
totally unramified over F .
In the three cases above, only the third case will give us (−1)-curves. There-
fore, (−1) curves E on Ŷ are either pre-images of (−2)-curves in R̂, as stated
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in the proposition, or components of pi−1(F ) for (−1)-curves F ⊂ Û , when
pi is totally unramified over F .
If it is the latter, since pi is totally unramified over F , F is disjoint from
R̂. In other words, every component of u∗R meeting F has even multiplicity
in u∗R. Since F 2 = −1, it can be contracted via Û → U ′, which is factored
through by u. That is, we have the diagram
(6.7) Û U ′ U
f
u
g
Since F only meets components of u∗R with even multiplicities, F does not
meet the proper transform of R. So under the contraction f : Û → U of
F , f∗(u
∗R) = g∗R remains to have smooth components; furthermore, it
still has the property that no two components of odd multiplicities meet in
g∗R. This contradicts the assumption that u is the minimal birational map
with these properties. In conclusion, E is a (−1)-curve of Ŷ if and only if
F = pi(E) is a (−2)-curve contained in R̂.
Next, let us prove that X is minimal after we contract all (−1)-curves of
Ŷ under Ŷ → X. Otherwise, there exist a smooth rational curve A ⊂ Ŷ and
(−1)-curves E1, E2, ..., Em ⊂ Ŷ such that A2 = −m− 1 ≤ −2 and A.Ei = 1
for i = 1, 2, ...,m. Let B = pi(A) and Fi = pi(Ei) for i = 1, 2, ...,m. By what
we have proved above, each Fi is a (−2)-curve contained in R̂ and hence B
meets at least one component of R̂ transversely. So pi maps A to B 2-to-1.
And since both A and B are smooth rational curves, B meets exactly two
components of R̂ transversely and hence B.R̂ = 2. Therefore, m ≤ 2 as
Fi ⊂ R̂. So we have −m− 1 = A2 = 2B2 ≥ −3. It follows that A2 = −2,
B2 = −1 and m = 1. Hence B meets two components of R̂: one is F = F1
and let us call the other G.
The configuration of G ∪B ∪ F is very simple. We have G.B = B.F = 1
and G.F = 0 since both F and G are components of R̂ and hence disjoint.
Moreover, B2 = −1, F 2 = −2 and B meets no components of R̂ other than
F and G.
We can blow down the two curves B and F in sequence and again have
a diagram like (6.7), where f : Û → U ′ contracts B ∪ F . Since B meets no
components of R̂ other than F and G and B ∪ F meets G transversely at a
unique point, g∗R has again smooth components and the required property
that no two components of odd multiplicities meet in g∗R. This once more
contradicts the assumption that u is the minimal birational map with these
properties. 
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6.3. Discrepancies of ν. From (6.5), we can figure out the discrepancies
of ν : Ŷ → Y . Since
K
Ŷ
= pi∗K
Û
+
1
2
pi∗R̂
ωY = pi
∗KU +
1
2
pi∗R
K
Û
= u∗KU +
∑
a(E,U)E,
(6.8)
we obtain
K
Ŷ
= pi∗u∗KU +
∑
a(E,U)pi∗E +
1
2
pi∗R̂
= ν∗ωY +
∑
a(E,U)pi∗E +
1
2
pi∗(R̂ − u∗R)
= ν∗ωY +
∑
a(E,U)pi∗E − pi∗
⌊
u∗R
2
⌋
.
(6.9)
Clearly, the exceptional divisors of ν is contained in
∑
pi∗E for E ⊂ Û the
exceptional divisors of u.
If multE(u
∗R) is odd, pi is ramified along E and hence pi∗E = 2F for some
F with discrepancy
(6.10) a(F, Y ) = 2a(E,U) −multE(u∗R) + 1.
If multE(u
∗R) is even, pi is unramified at a general point of E and each
component F of pi∗E has discrepancy
(6.11) a(F, Y ) = a(E,U) − multE(u
∗R)
2
.
Remark 6.4. For the canonical singularity Y = {y2 = x2 + tδ}, it is obvious
that η(Ŷ0) = δ (see (6.6)). It is tempting to think that η(Ŷ0) should go
up as the singularity gets “worse” and thus expect that η(Ŷ0) ≥ δ under
the hypotheses of the proposition. However, this is simply false: consider
Y = {y2 = x4 + t4}, which is resolved by the following diagram:
(6.12)
YŶ
UÛ
❄❄❄❄❄
⑧⑧
⑧⑧
⑧
ν
//F
pi

pi

⑧⑧
⑧⑧
⑧
E
u
//R̂ { ✹✹✹✹✹✡✡✡
✡✡❖❖❖♦♦♦
}
R
where F is a component of Ŷ0 and a double cover of E ∼= P1 ramified at
the 4 points R̂ ∩ E. Clearly, η(Ŷ0) = 2 < 4. On the other hand, F is an
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elliptic curve satisfying a(F, Y ) = −1 and hence b = 1. Therefore, we have
η(Ŷ0) + 5b > δ. This example shows that the term 5b in (6.2) cannot be
omitted.
6.4. A Special Sequence of Blowups. Let us prove Proposition 6.1. We
will work with Ŷ instead of the minimal resolution X of Y . By Proposition
6.3, Ŷ is not necessarily the same as X and X is obtained from Ŷ by
contracting the (−1)-curves on Ŷ . Among the three numbers η(X0), δ and
b in (6.2), this only affects η(X0), i.e., η(X0) 6= η(Ŷ0). We need to keep
this in mind when estimating η(X0). On the other hand, b is a birational
invariant.
The birational map u : Û → U consists of a sequence of blowups at points.
The order of blowups can be altered in certain ways. Let us choose a special
sequence of blowups to be the first m blowups
(6.13) Û U [m] ... U [i] ... U [1] U [0] U
u
ui
where U [i] → U [i−1] is the blowup at the point pi−1 = {x/ti−1 = t = 0} with
Ei ⊂ U [i] the exceptional divisor and Ri ⊂ U [i] the proper transform of R
for i = 1, 2, ...,m.
That is, U [1] is the blowup of U at the origin p0 = {x = t = 0} with
exceptional divisor E1. The map u : Û → U factors through U [1] if and only
if R is singular at p0. Suppose that R is singular at p0 and u factors through
U [1]. We further blow up U [1] at the point p1 = {x/t = t = 0} ∈ E1 to
obtain U [2] with exceptional divisor E2. Then u factors through U
[2] if and
only if R1 is singular at p1. In this way, we obtain a sequence of blowups in
(6.13) and we choose m to be the largest integer such that u factors through
U [m], which is equivalent to saying that Rm either fails to pass through or
is smooth at pm = {x/tm = t = 0}.
We have the commutative diagram
(6.14)
Ŷ Y
Û U [m] U.
pim
ν
pi pi
u
um
The central fiber U
[m]
0 of U
[m] is
(6.15) U
[m]
0 = U0 + E1 + E2 + ...+Em,
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where we abuse the notations a little bit by using U0 and Ei for the proper
transforms of U0 and Ei in all of Û and U
[j]. For convenience, we also write
E0 = U0. Let
(6.16) u∗mR = Rm + c1E1 + c2E2 + ...+ cmEm
where cj = multEj(u
∗
mR) satisfies
(6.17) cj − cj−1 = multpj−1 Rj−1
for j = 1, 2, ...,m (we let c0 = 0).
We claim that the sequence {cj} is increasing and
(6.18) c1 ≥ c2 − c1 ≥ c3 − c2 ≥ ... ≥ cm − cm−1 ≥ 2.
Indeed, we can interpret cj algebraically. Let
(6.19) g(x, t) =
n∏
i=1
(x− φi(t))
for some φi(t) ∈ C[[ N
√
t]. Then
(6.20) cj =
n∑
i=1
min(j, o(φi)),
where o(φi) is the order of φi(t) at t = 0. We may define cj for all j ∈ Z by
(6.20) (hence c−1 = −n).
From (6.20), we see that {cj − cj−1} is non-decreasing. Indeed, the dif-
ference (ci − ci−1)− (ci+1 − ci) can be interpreted geometrically by
(6.21) (ci − ci−1)− (ci+1 − ci) = EiRm
for i = 1, 2, ...,m − 1. Since Rj−1 is singular at pj−1, cj − cj−1 ≥ 2 for
j = 1, 2, ...,m by (6.17). So we have (6.18).
Since either Rm is smooth at pm or pm 6∈ Rm, i.e., multpm(Rm) ≤ 1, we
have
(6.22) cm =
{
δ − 1 if pm ∈ Rm
δ if pm 6∈ Rm.
In addition, the fact that gx(0, t) ≡ 0 implies that Rm and Em meet at pm
with multiplicity at least 2 when Rm passes through pm. That is,
(6.23) multpm Rm = 1 and (RmEm)pm ≥ 2 if cm = δ − 1.
Note that Em is a component satisfying
(6.24) a(Em, U) = m, multEm(Û0) = 1 and multEm(u
∗R) = cm
by (6.15) and (6.16). Combining (6.24) with (6.10) and (6.11), we obtain
(6.25) b ≥ −
(
a(Em, U)−
⌊
multEm(u
∗R)
2
⌋)
=
⌊cm
2
⌋
−m.
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Let ρ : Ŷ → X be the contraction of all (−1)-curves of Ŷ given in Propo-
sition 6.3 with diagram
(6.26)
Ŷ Û
X Y U
ν
ρ
pi
u
τ pi
Let Fi = pi
−1(Ei) for Ei ⊂ Û and i = 0, 1, ...,m. That is, Fi are the proper
transforms of Ei. Next, we are going to figure out which Fi are contracted
by ρ. Let
(6.27) I = {1 ≤ i ≤ m− 1 : ρ∗Fi = 0}.
By Proposition 6.3, Fi is contracted by ρ if and only if ci = multEi(Û0)
is odd and E2i = −2 in Û . When we consider such Ei in U [m], it has the
property that 2 ∤ ci, 2 | ci−1, ci+1 and Ei ∩Rm = ∅; otherwise, if one of ci−1
and ci+1 is odd, we need to blow up the intersection Ei−1 ∩Ei or Ei ∩Ei+1,
which renders E2i < −2 in Û ; similarly, if Ei meets Rm, we need to blow up
the intersections Ei ∩Rm, which again renders E2i < −2 in Û . Since
(6.28) EiRm =
{
(ci − ci−1)− (ci+1 − ci) if i < m
cm − cm−1 if i = m
we conclude
(6.29)
I = {1 ≤ i ≤ m− 1 : ρ∗Fi = 0}
=
{
1 ≤ i ≤ m− 1 : 2 ∤ ci and 2 ∤ (ci − ci−1) = (ci+1 − ci)
}
.
The criterion for ρ∗Fm = 0 is more complicated. Suppose that ρ∗Fm = 0.
Of course, cm is odd. If Em meets Rm at more than one point, it is easy to
see that ρ∗Fm 6= 0. So Em meets Rm at a unique point q. Let U ′ be the
blowup of U [m] at q with exceptional divisor E′. Then Û → U [m] factors
through U ′. If (EmRm)q > multq(Rm), the proper transforms of Em and
Rm meet in U
′ and hence ρ∗Fm 6= 0. Consequently,
(6.30) multq(Rm) = (EmRm)q = EmRm = cm − cm−1
by (6.28) and hence
(6.31) multE′(u
′)∗R =
{
cm−1 + cm +multq(Rm) = 2cm if q = qm
cm +multq(Rm) = 2cm − cm−1 if q 6= qm
for qm = Em−1 ∩Em and u′ : U ′ → U . Clearly, multE′(u′)∗R must be even;
otherwise, ρ∗Fm 6= 0. This, together with 2 ∤ cm and (6.30), is also sufficient
for ρ∗Fm = 0. Namely,
(6.32)
ρ∗Fm = 0⇔ 2 ∤ cm, multq(Rm) = cm − cm−1 for some q ∈ Em
and either q = qm or q 6= qm and 2 | cm−1.
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If it is the former case q = qm, Em−1Rm ≥ multq(Rm). Therefore,
(6.33) cm−1 − cm−2 ≥ 2(cm − cm−1)
if ρ∗Fm = 0 and qm ∈ Em ∩Rm. In addition, in this case, we see that
(6.34) ρ∗pi
∗
mEm 6= 0 is nonreduced in X0
due to the presence of E′, which is nonreduced in U ′0.
If it is the latter case q 6= qm, we have a better estimate for b than (6.25)
using E′. That is,
(6.35)
b ≥ −
(
a(E′, U)− multE′(u
′)∗R
2
)
=
2cm − cm−1
2
−m− 1
≥ cm − cm − 3
2
−m− 1 =
⌊cm
2
⌋
+ 1−m
if ρ∗Fm = 0 and qm 6∈ Em ∩Rm.
6.5. Estimate η(X0). When δ = 1, Y is smooth at p0 and hence X = Y .
Since Y0 is singular at p0, η(X0) ≥ 1 and (6.2) follows. Let us assume that
δ ≥ 2. Then m ≥ 1.
We use the notation η0(X0, G) to denote
(6.36) η0(X0, G) =
∑
q∈G
η0(X0, q)
for a subset G ⊂ X0. Let qi = Ei−1 ∩ Ei in U [m] for 1 ≤ i ≤ m and let us
consider η0(X0, Qi) for
(6.37) Qi = ρ(pi
−1
m (qi)).
We discuss this in three not mutually exclusive cases.
(1) Suppose that ci−1 and ci are both even. Then ρ∗Fj 6= 0 for j = i−1, i.
It is not hard to see that Qi either contains a union G of curves
such that G ∩ ρ(Fi−1) 6= G ∩ ρ(Fi) 6= ∅ or consists of two points in
ρ(Fi−1)∩ ρ(Fi). Either way, Qi contains at least two singularities of
X0,r = (X0)red. Hence
(6.38) η0(X0, Qi) ≥ 2.
(2) Suppose that ci−1 and ci are both odd and ρ∗Fi 6= 0. Then ρ∗Fj 6= 0
for j = i− 1, i. Since ci−1 and ci are odd, ρ(Fi−1) and ρ(Fi) are two
disjoint components of X0; then Qi contains a union G of curves
such that G∩ ρ(Fi−1) 6= G∩ ρ(Fi) 6= ∅ and (6.38) follows. Note that
ρ∗Fi 6= 0 automatically holds by (6.29) if 2 ∤ ci−1ci and i < m.
(3) For every 1 ≤ i ≤ m, we claim that Qi contains at least one singu-
larity of X0,r and hence
(6.39) η0(X0, Qi) ≥ 1.
This is clear if ρ∗Fj 6= 0 for j = i− 1, i. Otherwise, ρ only contracts
one of Fi−1 and Fi. Again, (6.39) is obvious when ρ∗Fi−1 = 0 or
ρ∗Fi = 0 and i < m. This leaves us the only case that i = m and
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ρ∗Fm = 0. By (6.28), EmRm ≥ 2 in U [m]. Since we need to further
blow up the intersections Em∩Rm under Û → U [m], it is easy to see
that Qm contains at least one singularity of X0,r. Therefore, (6.39)
holds.
In addition, when cm = δ − 1, ρ∗Fm 6= 0 and there is at least one singu-
larity of X0,r in ρ(pi
−1
m (pm)) by (6.23). Therefore,
(6.40) ρ∗Fm 6= 0 and η0(X0, ρ(pi−1m (pm))) ≥ 1 if cm = δ − 1.
The two sets Qi and Qj for 1 ≤ i < j ≤ m are disjoint unless j = i + 1
and ρ∗Fi = 0, i.e., i ∈ I. So each i ∈ I reduces the above estimate of η0(X0)
by one. Therefore,
(6.41) η0(X0) ≥
m∑
i=1
η0(X0, Qi)− |I|+ (δ − cm)
where the term δ − cm accounts for the contribution of pm given in (6.40)
when cm = δ − 1. Applying our previous estimate on η0(X0, Qi), we have
(6.42)
η0(X0) ≥
m∑
i=1
η0(X0, Qi)− |I|+ (δ − cm)
≥ m+ 1
2
m∑
i=1
(1 + (−1)ci−ci−1)− ε− |I|+ (δ − cm)
where the first term m accounts for each i in (6.39), the second term takes
into account the cases that ci−1 and ci are both even or odd in (6.38), the
third term
(6.43) ε =
{
1 if 2 ∤ cm−1cm and ρ∗Fm = 0
0 otherwise
corrects the previous term in the case that both cm−1 and cm are odd and
ρ∗Fm = 0, and the rest two terms −|I| and δ − cm are explained as above.
Let us also keep in mind that η(X0) has contribution from η1(X0). At
the very least, if X0 is nonreduced, X0 −X0,r 6= 0 and hence
(6.44) η1(X0) = KX(X0 −X0,r)− (X0 −X0,r)2 ≥ 2.
Suppose that cm is odd. If ρ∗Fm 6= 0, then ρ∗pi∗mEm 6= 0 is nonreduced in
X0 and (6.44) holds. Otherwise, ρ∗Fm = 0 and hence Em meets Rm at a
unique point q by (6.32). If q = qm, then X0 is nonreduced by (6.34) and
(6.44) follows. Otherwise, q 6= qm and we have (6.35). In conclusion, if cm
is odd, we have either (6.44) or a better bound for b in (6.35). Either way,
we can say at least
(6.45) η1(X0) + 5b ≥ 5
⌊cm
2
⌋
− 5m+ (1− (−1)cm)
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by (6.25), (6.35) and (6.44). Combining (6.42) and (6.45), we obtain
(6.46)
η(X0) + 5b ≥ 5
⌊cm
2
⌋
− 4m− |I|+ 1
2
m∑
i=1
(1 + (−1)ci−ci−1)
− ε+ (δ − cm) + (1− (−1)cm).
Let 1 ≤ l ≤ m be the largest integer such that cl − cl−1 is odd. Namely, we
have
(6.47) 2 ∤ µ = cl − cl−1 and 2 | (ci − ci−1) for l + 1 ≤ i ≤ m.
We let l = 0 if ci − ci−1 are even for all 1 ≤ i ≤ m. Then
(6.48) cm =
m∑
i=1
(ci−ci−1) =
l∑
i=1
(ci−ci−1)+
m∑
i=l+1
(ci−ci−1) ≥ µl+2(m− l)
and
(6.49)
1
2
m∑
i=1
(1 + (−1)ci−ci−1) ≥ 1
2
m∑
i=l+1
(1 + (−1)ci−ci−1) = m− l.
By the description of I in (6.29), we see that I ⊂ {1, 2, ..., l−1} and |i−j| ≥ 2
for all i 6= j ∈ I. Consequently,
(6.50) |I| ≤
⌊
l
2
⌋
.
Combining (6.46), (6.49) and (6.50), we derive
(6.51)
η(X0) + 5b ≥ 5
⌊cm
2
⌋
− 4m+ 1
2
m∑
i=1
(1 + (−1)ci−ci−1)− |I|
− ε+ (δ − cm) + (1− (−1)cm)
≥ 5
⌊cm
2
⌋
− 4(m− l)− 4l + (m− l)−
⌊
l
2
⌋
− ε+ (δ − cm) + (1− (−1)cm)
= 5
⌊cm
2
⌋
−
⌊
9l
2
⌋
− 3(m− l)
− ε+ (δ − cm) + (1− (−1)cm).
We claim that the above inequality implies (6.2). We argue in three cases.
l = 0: In this case, all ci− ci−1 are even for i = 1, 2, ...,m. Hence cm is even
and ε = 1− (−1)cm = 0. Then (6.51) becomes
(6.52)
η(X0) + 5b ≥ 5cm
2
− 3m+ (δ − cm)
≥ 5cm
2
− 3cm
2
+ (δ − cm) = δ.
since 2m ≤ cm by (6.48).
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l > 0 and ε = 0: Since µ ≥ 3, we have
(6.53)
η(X0) + 5b = 5
⌊cm
2
⌋
−
⌊
9l
2
⌋
− 3(m− l)
+ (δ − cm) + (1− (−1)cm)
≥ 5
⌊cm
2
⌋
−
⌊
9(cm − 2(m− l))
2µ
⌋
− 3(m− l)
+ (δ − cm) + (1− (−1)cm)
≥ 5
⌊cm
2
⌋
−
⌊
3(cm − 2(m− l))
2
⌋
− 3(m− l)
+ (δ − cm) + (1− (−1)cm)
= 5
⌊cm
2
⌋
−
⌊
3cm
2
⌋
+ (1− (−1)cm) + (δ − cm)
= cm + (δ − cm) = δ
by (6.48) and (6.51).
l > 0 and ε = 1: In this case, both cm−1 and cm are odd and ρ∗Fm = 0. By
(6.32), Em meets Rm at the unique point qm. Then by (6.33),
(6.54) µ ≥ 2(cm − cm−1) ≥ 4.
And since µ is odd, we actually have µ ≥ 5. Then
(6.55) cm ≥ µl + 2(m− l) ≥ 5l + 2(m− l) ≥ 3l + 2(m− l) + 2
by (6.48). Then (6.51) becomes
(6.56)
η(X0) + 5b =
5(cm − 1)
2
−
⌊
9l
2
⌋
− 3(m− l) + (δ − cm) + 1
≥ 5(cm − 1)
2
−
⌊
3(cm − 2(m− l)− 2)
2
⌋
− 3(m− l)
+ (δ − cm) + 1
≥ 5(cm − 1)
2
−
⌊
3cm
2
⌋
+ (δ − cm) + 4
=
5(cm − 1)
2
− 3cm − 1
2
+ (δ − cm) + 4
= cm + (δ − cm) + 2 = δ + 2.
This finishes the proof of (6.2).
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